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Preface

This Project Report has been prepared in the partial fulfilment of the requirement for the
Subject: MAT-651 Discipline Specific Dissertation of the programme M.Sc. in Mathematics
in the academic year 2023-2024.

The topic assigned for the research report is: “Some Theorems in Partition Theory”. This
survey is divided into six chapters. Each chapter has its own relevance and importance. The
chapters are divided and defined in a logical, systematic and scientific manner to cover
every nook and corner of the topic.

First Chapter:

The Introductory stage of this Project report is based on overview of the Partition theory
and a small history about Rogers-Ramanujan identity.

Second Chapter:

This chapter deals with the detail proof of first known Rogers-Ramanujan identity i.e.
Modulo 5. In this chapter we have explained the modulo 5 identities in detail by
Analytically and Combinatorically.

Third Chapter:

In this chapter we have introduced a Ramanujan’s Theta function and some different
notation which can be used to prove the different identities. Also here we have introduced
about Jacobi’s triple product identity and some general transformations.

Also we have introduced some identities from Lucy Slater’s famous list of Rogers-
Ramanujan type Identities.

Fourth Chapter:

In this chapter we have given three new partition theorems of the classical Rogers-
Ramanujan type which are very much in the style of MacMahon. These are a continuation of
four theorems of the same kind given recently by the second author. One of these new
theorems, very similar to one of the original Rogers-Ramanujan MacMahon type theorems
is as follows: Let C(n) denote the number of partition of n into parts congruent to
+2,43,+4, 15, £6, +7(mod20). Let D(n) denote the number of partitions of n of the formn = b; +
by + -+ by, where by = 2,b; = b;,4, and, if

Cot=2
P ek PR

Then C(n)=D(n) for all n.



Fifth Chapter:

In this Chapter the following theorem is proved and generalized.

The partitions of any integer, n, into parts of the forms 6m, 6m+2, 6m+3, 6m+4 are
equinumerous with those partitions of n into parts > 2 which neither involve sequences
nor allow any part to appear more than twice.
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ABSTRACT

The most famous of the “Series = Product” identities are

For [q| <1
i v ﬁ 1 (4%4%0%9%w
(4 Dn ti 1-q" (@ Deo
n#0,£2(mod5)
And
iq”“” _ ﬁ 1 (294%9)=
£ (49 i1 1-q" (T Do
n#0,+1(mod5)
Where
(@ @ =T7=1(1 — ¢7) and (¢; ) = T152,(1 — ¢)
and

(a1, 03,03, . 05; Qoo = (A1; @) 0 (A25 Q) 0 wov oo (as; @)oo

Which are known as the celebrated original Rogers-Ramanujan Identities. These two
identities have motivated extensive research over the past hundred years. They were first
proved by L. J. Rogers in 1894 that was completely ignored. They were rediscovered
without proof by Ramanujan sometimes before 1913. Also in 1917, these identities were
rediscovered and proved independently by Issai Schur. There are now many different
proofs of these identities. In the ensuing decades, numerous identities that are similar to
the Rogers-Ramanujan Identities has been discovered by several eminent mathematicians
like Jackson, W. N. Bailey, G. E. Andrews, L. ]. Slater, A. K. Agarwal, etc.

The Rogers-Ramanujan Identities have two aspects: one analytical and the other is
combinatorial. In this paper, some identities of Rogers-Ramanujan Type related to modulo
5,7,8 and 10 has been derived by using some general transformation between Basic
Hypergeometric Series and with the incorporation of some identities from Lucy Slaters
famous list of 130 identities of Rogers-Ramanujan type.

Key words: Rogers-Ramanujan Identity, Slaters Identity, Basic Hypergeometric Series,
Jacobi’s Triple Product Identity, Bailey Pair etc.
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Chapter 1: The Fundamentals of Partition Theory

(All the material in this chapter is taken from [4])

1.1 Partition of Numbers
Definition 1.1. A partition of a positive integer n is a finite non-increasing sequence
of positive integers whose sum is n.
Definition 1.2. A partition of a positive integers n is finite non-increasing sequence of
positive integers A4, 4,, ..., 4, such that };7_; A; = n. The 4; are called the parts of the
partition.
Definition 1.3. The partition function p(n) denotes the number of partition of n.
Remark: Obviously p(n) = 0 where n is negative. We shall set p(0) = 1 with the
observation that the empty sequence form the only partition of zero.
The following table list the partitions of n and the value of p(n) fornup to 6
N | Partition of n p(n)
1 1
212,141 2
3(132+1,1+1+1 3
4143+1,242,2+1+1,14+14+1+1 5
5(54+1,34+2,3+14+1,24+2+1,24+14+14+1,1+14+14+1+4+1 7
6 | 65+1,4+2,4+1+1,3+3,3+1+1,2+14+1+14+1,24+3+4+1,24+2+2,24+2+1+1,1+1+ | 11
1+14+1+1

Remark: We can also write partition of number in this way as well.

Consider the partition of 10:
100=1+1+14+2+2+3
This can be written as
3(1) +2(2) +1(3)

P(n) is called “usual” partition function. It counts the partitions in which “parts” are any
natural numbers and “number of times parts are repeated is any whole no.”

1.2

Graphical Representation of Partitions:

Another effective elementary device for studying partition is the graphical
representation. To each partition A is its graphical representation G, (or Ferrer’s
graph), which formally is the set of point with integral co-ordinate (i, j) in the plane
such thatif A = A4, 4,, ..., 4, then (i,j) € G, ifandonlyif0 >i>-n+1,0<j <
Ajij+1 — 1.




Rather than dwell on this formal definition, we shall by means of a few example,
fully explain the graphical representation.
The graphical representation of the partition8+5+5+2+ 1+ 1is

The graphical representation of the partition7+3+3+2+ 14+ 1is

Note that the i*" row of the graphical representation of (1, 1,, ..., 4,;) contains A; points (or
dots or nodes).

Definition 1.4. If 1 = A4, 4,, ..., 4,, is a partition, we may define a new partition ' =
Ay, ..., 4 by choosing A;" as the number of parts of A that are > i. The partition A’ is called
the conjugates of 4.

While the formal definition of conjugate is not too revealing. We may better understand
the conjugate by using graphical representation. From the definition, we see that the
conjugate of the partition8+6+6+5+1is5+4+4+4+3+1+1

The graphical representationof 8+ 6+ 6 + 5+ 1 is



And the conjugate of this partition is obtained by counting the dots in successive columns;
i.e., the graphical representation of the conjugate is obtained by reflecting the graph in the
main diagonal. Thus the graph of the conjugate partition is

Notice that not only does the graphical representation provided a simple method by which
to obtain the conjugate of 4, but it also shows directly that the conjugate partition A’ is a
partition of the same integers as A is; that is, Y=Y

Furthermore, it is clear that conjugation is an involutions of the partitions of any integer in
that the conjugate of the conjugate of 4 is again A.

Let us now prove some theorems on partition, using graphical representation.



Theorem 1:

The number of partitions of n with at most m parts equals the number of partitions of
n in which no parts exceeds m.

We proof this using an example

Let us consider the partition of 6, first into at most three parts and then into parts none of
which exceeds 3.

We shall list conjugate opposite each other

6 1+1+1+1+1+1
5+1 2+1+1+1+1
442 2+2+1+1
4+1+1 3+1+1+1
3+3 3+2+1
3+2+1 3+3
2+2+2

Theorem 1 is quite useful and shows how a graphical representation can be used directly to
obtain important information.

1.3: Generating Function:

Note:

L —=14x+x2+x3+-
1-x

2. = 14x" 4 x4 x3 4.
1-x7m

Consider

13[ 111 1 1
1(1—x") T 1-x"1—-x2"1—x3"1—x*"
n=
= (14 xM® 4+ x2M 4 53D ) (1 + x1P 4 x2@) 4 3@ 4 .) (1 + x1®
+ 223 4 136 (14 121 4 x2® 4 3 ) L
=1+ (x2®) 4+ (1@ 4+ x2MW) 4 (11 4 x3W 4 x 1O

=1+pWx+p2)x*+pB)x® + -



=1+ p(Wx"

A function f: N — C which requires counting of partitions to calculate f(n) is called
partition function, p(n) is called “usual “ partition function.

The series

F(x)=1+ Z p(n)x™

[s called the “generating function” of p(n).
Remarks:
1. Letp;(x) = number of partition of n into distinct parts.

Then the generating function is

[oe)

pe =] [a+sm

n=1
2. Let p,(x) =number of partition of n into parts repeated at most twice.
co

py(x) = 1_[(1 + x™ + x2")
n=1

3. p3(x) = number of partition of n into odd parts
= 1
v =] |7
n=1

4. p,(x) =number of partition of n into odd and distinct parts

paCo) = | | +x2)
n=1

Remarks: To show that two partition function are equal it suffices to show that their
generating function are equal.

Theorem 2:

The number of partition of n into unequal parts is equal to the number of partitions into
odd parts.

Proof:

_ (1-x?) (1-x* (1-x°)

2 3
A+x)A+x)A+x3)..= or) ) (e




1
T (1-x)(1-x3)(1-x5)(1-x7)...

14  The Rogers-Ramanujan Identities:

We end this chapter with two identities which are known as the celebrated
original Rogers-Ramanujan identities:

For [q| <1
i o ﬁ 1 (@545 4% 4D
£ (4 @ il 1=q" (@ Deo
nz0,+2(mod5)
And
iq”“” _ ﬁ 1 (294%9)=
£ (g9 i1 1-q" (T Do
n#0,+1(mod5)
Where
(@ Dn =111 — ¢9) and (¢; Do = T1724(1 — )
and

(a1, 03,03, . 05; Qoo = (15 @) 0 (A25 Q) 0 wov oo (as; @)oo

These two identities have motivated extensive research over the past hundred years. They
were first proved by L. J. Rogers in 1894 that was completely ignored. They were
rediscovered without proof by Ramanujan sometime before 1913.

Also in 1917, these identities were rediscovered and proved independently by Issai Schur.
There are many different proofs of these identities. In the ensuring decades, numerous
identities that are similar to the Rogers-Ramanujan identities has been discovered by
several eminent mathematicians like Jackson. N. Bailey, G.E. Andrews, L. ]. Slaters, A. K.
Agrawal, etc.

The Rogers-Ramanujan identities have two aspects: one analytical and the other is
combinatorial. Some identities of Rogers-Ramanujan type related to modulo 6,7 and 10 has
been derived by using some general transformation between basic hypergeometric series
and with the incorporation of some identities from Lucy Slater’s famous list of 130
identities of Rogers-Ramanujan type.



Chapter 2. The Rogers-Ramanujan Identity

2.1 Introduction:

The so-called Rogers-Ramanujan identities were sent by Ramanujan to Hardy nearly
100 years ago. In the next few years, the identities were circulated amongst
mathematician, but nobody, including Ramanujan, was able to prove them. Then one
day, while rifling through old back copies of a journal, Ramanujan himself discovered
them in an obscure paper written in 1894 by the English mathematician Rogers. This
spurred both Rogers and Ramanujan to provide simpler proofs of the identities, that
were published in 1919.

In these chapter will prove Rogers —-Ramanujan identity modulo 5 by two ways,

1. Analytical proof and
2. Combinatorial interpretation

2.2. Analytical Proof:

Theorem 2.1:
1 x x* x2
T 2T ad-na- d-na-Ha-=o " "
1
T A-2001—-29..(1-x2)(1—x9)..
i.e.

2 ©o

xm

N 1
T mZ; 1-21—-x%2)..(1—2a™) - rln_[ (1 — a5m+1)(1 — x5m+4) (1)

=0

Theorem 2.2:

2 12

x x6 x
1-x A-md-2) d-md-2ad-5 "
1
T A1 -x7)...(1—x3)(1— «5) ..

1+

> xm(m+1) © 1
T mz::l (1 - x)(l - xz) (1 — xm) - rD) (1 — x5m+2)(1 _ x5m+3) (2)



Proof: Proof of Theorem 2.1 and Theorem 2.2.

We write

r [ee]
1 1
R e A OR
s=1 s=r

Alr) = %T‘(ST‘ +1),

And define the operator n by
nf(a) = f(ax)

We introduce the auxiliary function
Hm = m(a) = Z(_l)raer/l(r)—mr(l _ amemr)PrQr (L)
r=0

Where m = 0, 1, 2. Our object is to expand H; and H, in powers of a.
We first prove that

H,—H,_,=a™"H;_,, (m=1,2) (ii)
Where

Hm — Z(_l)raer/l(r)—mr(l _ amemr)PrQr
r=0

Hm—l — Z(_l)raer/l(r)—(m—l)r(l _ am—lxz(m—l)r)PrQr

r=0

Hm _ Hm—l — (Z(_l)raer)L(r)—mr(l _ amemr)PrQr)
r=0

_ (Z(_l)raer/l(r)—(m—l)r(l _ am—lxz(m—l)r)PrQr>
r=0



oo

— Z(_l)raZT{xl(r)—mr(l _ amXZmr) _ xl(r)—(m—l)r(l _ am—lxz(m—l)r)}PrQr
r=0
— Z(_l)raZr{x/l(r)_x—mr(l _ amemr) _ x/l(r)x—(m—l)r(l _ am—1x2(m—1)r)}_ P.Q,
r=0

— Z(_l)ram"x/l(r){x—mr — gy —mr+2mr _ y—(m-Dr 4 sm-1 ,.—(m-1r xZ(m—l)r}_ P.Q,
r=0

— Z(_l)raer)l(r){x—mr —aMymr — x—(m—l)r + am—l_x(m—l)r}_ PrQr
r=0

= H, —Hy_; = Z(_l)razrxl(r)CmTPrQr (*)
r=0
Where
Cmr = T _ gMymr _ x—(m—l)r + am—l_x(m—l)r
Copr = @™ 1x7TM V(1 — ax™) + x ™ (1 —x7)
Now,
Qr = 1—axs
s=r

- (1—ax™)(1—ax™*1) ...

= 1
Ors1 = 1_[ (1—ax™1)(1— ax"t2) ..
s=r+1

(1-ax")Qy = Qriq (a)

r

1 1 1 1 1
Pr:nl—xsz(1—x)'(l—xz)'(l—x3)"'(1—xr)

s=1

r—1 1 1
Py = l;[ 1 — x5 = (1 — x)(]_ — xz)(]_ — x3) (1 — xr—l)

1

P = W'Pr—l

9



(1—=x")P. =Pr_1,(1=x%)P; =0 (b)

and so now (*) using (a) and (b)

Hy —Hyp oy = Z(_l)razrxl(r)CmTPrQr
r=0

— Z:(_1)1‘aZr+m—196/1(1”)+r(m—1)_PTQH_1 + Z(_l)raZTxA(r)—mrPr_lQr
r=0 r=0

In the second sum on the right-hand side of this identity we change r into r+1

Thus

Hm _ Hm—l — Z(_1)ra2r+m—1x/1(r)+r(m—1)_ PrQr+1

r=0

+ Z (_1)1‘+1az(r+1)x/l(r+1)—m(r+1)P(T+1)_1 Qr+1
r=0

— Z(_l)r [a2r+m—1_ x/l(r)+r(m—1) _ a2(r+1)_ xl(r+1)—m(r+1)]PrQr+1

r=0

Hy —Hpyoq = Z(_l)rDmrPrQr+1
=0
Where
Dmr — a2r+m—1.x/1(r)+r(m—1) _ aZ(r+1).x/1(r+1)—m(r+1)
— a2r+m—1.x/1(r)+r(m—1) _ a2r+2.x/1(r+1)—m(r+1)
— am—1+2r.x/1(r)+r(m—1)(1 _ aS—mx(2r+1)(3—m))
— am—ln{aer)L(r)—r(S—m)(l _ a3—mx2r(3—m))}
1 1 o
“Ar+1)—-Ar) = 3 (r+1D[57+5+1] - Er(Sr + 1) (bydefinition)
1
= 5{(1’ + 1)(57+6) —r(57 + 1)}
=%{5r2+6r+5r+6—5r2—r}
= {11r+ 6 -1}

- %{101" + 6}

10



=5r+3
Also Q.1 = 1Q, and so

Hm _ Hm—l — am—lnZ(_l)raer/lr—r@—m)_ (1 _ a3—mx2r(3—m))PrQr

r=0

H, —Hp,_, = a™ nH;_,, (Hence Proved (ii))

If we putm = 1 and m = 2 in (ii)
Hy — Hy = nH,
H, =nH, ~Hy=0 (iii)
H, — H, = anH;
So that
H, = nH, + an®H, (iv)
We use this to expand H, in powers of a
If
Hy = ¢o+ cia + c;a% + -
=Y csa’

where the ¢, are independent of a, then ¢, = 1 and (iv) gives

H, =7 (Z csas) + an? (Z csas)
= Z csa’xs + az cs(ax?)s
= Z csasx® + Z castl x2S
= z c,a’ = Z csasx® + Z csastl x2S

= coa’ + c;a + ca? + cza® + cpat + -
= ¢oa%x% + ciax + c,a?x? + cza3x3 + -+ coax® + cia?x? + c,a3x®
+ cga*x® + -

= 1+ c,a + ca? + cza® + cpa* + -
=1+ cax + c,a’x? + cza’x3 + -+ a + cya’x? + c,a3x® + cza*x® + -

Hence, equating the co-efficient of a®, we have

11



ca=cax+a
ca=a(cx+1)
c; =c;x+1 (cancelling a on both side)

cg—cx=1

1
R g
Similarly
ca? = c,a’x? + cya’x?
Cy = Cx% + ¢yx?
2
— 2 X
C; = Cx“ + 1%
2
x
Cz(l_xz) = 1—x
x2
C =
2T 1-x)(1—x)
Similarly

cza® = cza3x® + c,a3x®

x%. x®
1-x3) =
c3(1—x7) (1—x)(1—x2)
x%. x®
C3

- (1-2)1—-x2)(1—x3)

Continuing in this way we get

x25-2
Cs = 1 _xs'CS—l
y 2 A6+ +2(s-1)
= — xs(s—l)P
1-x)1—-x2)..(1—x% $
Hence
H,(a) = Z asxs6-Vp,
s=0

If we put a = x, the right-hand side of this is the series in (2.1).

12



Also P.Q,-(x) = P,, and so, by (i)

H,(x) = P, Z(—l)rxl(r)(l — x2(2r+1))
r=0

=P, {Z(_l)rxl(r) + Z(_l)rxl(r—1)+2(2r—1)}
r=0 r=1

= H,(x) = P, {1 + Z(_l)r (xfr(5r+1) n xir(S’”‘l))}
r=1

Hence by the Theorem 356 [ by Hardy and Wright pg. 376 See [4]] i.e. (special case of
Jacobi identity)

{(1 _ x5n+2)(1 _ x5n+3)(1 _ x5n+5)} — (_1)nx%n(5n+1)
[ 2

n=—oo

() = P | (@ =252 (1 = x543) (1 = 257+9))
n=0

= 1
= 1_[ _ 4 5n+1 _ 4 5n+4
11 1-x )1 —x )

This completes the proof of theorem 2.1.
Again, by (iii)
Hy(a) = nH,(a)

o)

H,(ax) = Z anSZPS

s=0

And, for a = x, the right-hand side becomes the series in (2.2). Using (i) and Theorem 355,
we complete the proof of Theorem 2.2 in the same way as we did that of Theorem 1

{Theorem 355: [ by Hardy and Wright pg. 376 see [4] ]

o

l_[{l _ x5n+1)(1 _ x5n+4)(1 _ x5n+5)} — Z (_1)nx%n(5n+3) }

n=-—oo

2.3. Combinatorial interpretation of Theorem 2.1 and 2.2:

Consider Theorem 2.1

We can exhibits any square m? as

13



m>=14+3+5+--4+02m—-1)
Or as shown by the black dots in the graph, in which m=6.

If we now take any partition of n — m? into m parts at most, with the parts in descending
order, and add it to the graph as shown by the stars, wherem = 6 andn = 62 + 13 = 36 +
13 =49

We obtain a partition of n (heren =49 =14 + 12+ 10+ 7 + 5 + 1) into parts without
repetitions or sequence or parts whose minimal difference is 2. The left-hand side of (2.1)
enumerates this type of partition of n.

m*=14+3+54+-+2m-1)

m?>=62=36=1+3+5+7+9+11

11% lllllllllll ****
N——
4
9% lllllllll ***
——
3
7% lllllll ***
——
3
5% lllll **
e
2
R I
e
2
1--

On other hand, the right-hand side enumerates partitions into numbers of the form 5m +
1 and 5m + 4.

Hence Theorem 2.1 may be restated as a purely combinatorial theorem viz
Theorem 2.3:

The number of partition of n with minimal difference 2 is equal to the number of partitions
of n into parts of the forms 5m + 1 and 5m + 4.

Similarly we knowm(m+1)=2+4+6+--+2m
Form =5

mim+1)=5(5+1)=5«6=30=10+8+6+4+2

14



———
3
8% llllllll ***
——
3
6% llllll **
Ny’
2
4 > - % % %
——
3
2.

so the equivalent of Theorem 2.2 is
Theorem 2.4:

The number of partitions of n into parts not less than 2, and with minimal difference 2, is
equal to the number of partitions of n into parts of the forms

5m+ 2 and 5m + 3.

15



Chapter 3: On Identities of Rogers-Ramanujan
Type

3.1.Introduction:

For |q| < 1 the g-factorial is defined by (see [10] )

(a;q)o =1
(@;Qn =T17-1(1—ag®)forn=1
and (@ Qoo = [Ti=1(1 — ag®)
It follows that (a; q),, = %

The multiple g-shifted factorial is defined by
(a1, Az, A3, - A P = (@15 Q) n (A2 P -+ - (m; Dn
(a1, a2, 3, - Am; Do = (A15 Q0 (A25 Qo v - (Am; Poo
The Basic Hyper Geometric Series is

nn-1)r
al,az,...,ap+1;q;x) — Zoo o (al;q)n(az;q)n...(ap_,_l;q)nxn(—l)nrq 2
n=

@ Dnb1;Dnb2;Dn--(bp+r:Dn

p+1Pp4r (

bl,bz,...,bp+r

The series p+1¢,., converges for all positive integers r and for all x. For r=0 it converges
only when |x| < 1.

Some definitions:

Ramanujan’s Theta Function:
Ramanujan’s Theta function ([2], P.11, Eq.(1.1.5)) is defined as

n(n+1) n(n-1)
f(a,b) = Z a 2 b z ,forlab| <1

n=-—oo

It is called a theta function, despite the lack of a theta in the notation, because it is
equivalent, via change of variable, to the theta function of Jacobi.

9(z,w) = Z (—=1)"w™*e2™? where |w| < 1.

n=-—oo

The following special case of f(a, b) arise so often that they were given their own notation
by Ramanujan([2],P.11):
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o(@=f(qq
V(@) =f(q,4°)
f@) =f(=9,—9*
Ramanujan further defines
f(=q%—q?)
f=a)

One of the most important results in the theory of theta functions is that they can be
expressed as infinite products.

Jacobi's triple product identity: (see [7], P.2, Eq. (1.1.7))
For |ab| < 1, f(a,b) = (—a, —b, ab; ab)

x(q) =

Where (a; w),, = [I7=1(1 — aw™), and (a4, a,, as, ...a;; W) =
(A W) (Az; W)eo wen ve (ar; W)
An immediate corollary ([7], P-2, Eq. (1.1.8) (1.1.9), (1.1.10)) of this identity is thus:
f(=9) = (@ Do
(4 Do
(q) = otz
T C 0w
(@% 4*)oo
W(g) = T————
QUL

Sometimes a linear combination of two theta series can be expressed as a single infinite
product as follows:(see [7], p-2, Eq. (1.1.12))

Quintuple Product identity:
(Q;x) = f(—wx3, —w2x73) + xf (—wx 3, —w?x3)
_ fwx L) f(—wx ™2, —wx?)
T fewh—w

, =X, W W) o (WX ™2, wx?; w?)

= (—wx!

3.2 Elementary Series product identities:

Remark:If |g| < 1,|t] < 1, then

14y (1-a)-aq)..(A—ag " _prd-ate) .

A-pU-gd.-(a-q9 1 L1a=em

17



Euler Identity:
For|t| <1,|q| <1

1+ o =
LA-9A-¢)1-¢3)..(1-q9) 1l1-tq"

(3.2.2)

o0 tnqzn(n 1) B o0 )
e ; 1-91-¢)(1-¢>..(1—q) H(l +tq™) (3.2.3)

Proof:

To obtain equation (3.2.2) we puta=0in (3.2.1)

c (1-0)(1-0.9)...(1—0.g" )" T7(1—0.tq")
A-9t-¢.a-q LLIa=um

1+

n=1
- tn = 1
1Y e L
~(1-¢)(A-g*).(1—gqm 111 -1tqM)
n=1 n=0
To obtain (3.2.3) we replace a by a/b and t by bz in (3.2.1)

(1-%)(1 =% q) - (A=Y a" D (b2)"
”Z A-pa-)~1-q"

o, (259) (25%0)... (2=90") gy
Z e oD

Z (b—a)(b—aq)..(b—aq™)z"
1-¢A-q»)..(1—q™)

= (1-%.bz.q")
11 (1—=bz.q™)

_ = (1-a.zq"
= | ] A=bz.q") (3.2.4)

Now setb=0a=-11in (3.2.4)

v (0= (1O = (=1)9) .- (0 = (~D)g" Hz" 171 = (=1).2.q")
1+, -9 -q)..(1-q" LT a=0zem

n=0

18



- (1.q.q%...q" H)z" =

S [a+ze

ScErceEro D il I S

n=1 n=0
1n(n—l) ®

N t"q2 B ]
1+;(1_Q)(1—q2)...(1—qn_1_[(1+Z.q )

n=0

Hence proved.

3.3 Mod 2 identities
1.

i -D"¢" _f(=4.—0)
L (q%9%)n f(-q)
_@49%9%)=
(@ Deo

_ @0*)0(84%) 0 (4% 4%
(4 Do

_M72e(1 —q9%). (A — q.¢¥)(1 — 4*q*))
1721 —q.97)

CI0(1 = ¢2). (1 = g% )(1 - q¥*2)
ﬁo(l —q/*h)

= 1_[(1 —q'*)
j=1

o (D" (=09 f(~4,—)

L (@5qD. Yo

_fC4-a
(qz;qz)oo
(=49 o

L (44

- f( q; q) X (qz;qz)w

_ (9 9% 3o X (=4, 9%)

(% 9% o

19



_ 4490490 4% 0 X (=4 9)e
(% 9% o

= 1‘[(1 —qq¥).(1 - q.4*)(1 + qq¥)
j=1

— 1_[(1 _ q2j+1)_ (1 _ q2j+1)(1 + q2j+1)
j=1

=1-¢>1-q¢)1-q").1-¢>A-q¢)1-¢q")..A+ > A +g)A +4q7) ...

q"" Y (=q,q?) q" "M (=q,q?)
Z (9)2n Z (D 2n+1
_f.e?
Y(—q)
f(1;9%)

T (5w
(-4 9% o

(-9 9w
(@% 9% o
_&5 —3% 9% 9% X (=0 )
(@% 9% o
_ 5 7)o (—9% 390 (4% 3D o X (=¢; 4D
(@% 9% o

=f(1;9%) X

=(-1,0Y 1_[(1 +q%q¥)(1 + qq%¥)
j=1

=(-1¢%o 1_[(1 +q**?).(1+ g7t
j=1

= (1,91 +qHA+ g1 +4®)..(1+¢*)A+g>)A+q7) ..

20



3.4 Mod 3 identities:
1

Zq”(”“)/z f(=q)
(Dn o(—q)

_ @D

=[ [a+a)
j=1

=(1+¢)A+¢>)A+gY ..

i D" ¢ 4V (D _f@a?)
L @n(@9)n L Dn@9Dne f(—)

_C4-9%4% 4w
CH DS
_ C44)0(=9% 9% %) w
(q; Q)oo

72,1+ g3 A+ ¢*¥)(A - ¢**)
- 72, (1 = q*)

::(1 +gH1+q)1+q¢9 .. A+¢NA+¢)A+q¢V)..(1—g%(A —qg°) ...

(1-¢*)A-¢>)A—-q") ...

o)

Z ¢ (44°, _ f(@:a)
(@%*)zn V(@)

f(qq)

n=0




(-4 9% o

B f(q’q ) 8 (qZ,. qz)oo

_ 44547470 X (44w
(@%4*)e
_ C40)0(=0% 0 (@% 4% 0 X (=49 =
(@% 4% e
Za(1+ gD+ >N (A - g3+ g™ )
[T72,(1 = q%+%))

_ 1+ +9D)0+9™) .. (1+¢)A+¢)A+g™") ..(1-¢)A - ¢°)1—¢") ..(1+ 43U +¢°)..
- (1-g"1-q°)(1-q")..

Similarly, we can do

[ee)

fCaa®) _ z "V (=1,4%)n
n=0

G (@2n
3.5 Mod 4 Identities

N 4@ a0 _ f(=a% -4
2 (4% qM)n b(-a)
_ f(=q%-q%)

(45 9Y)w
(499w

49"
(4% %)
_@%4% 4% 40 X (=4:4)o
(4% %)
_ @%599=00%4D0@% 4D e X (40w

(9% 9w

A =g - ¢>*) A - g**)(A + q7Y)

H;ozl(]‘ - q2+2j)

_(0-¢0-¢")10-¢"..0-¢91-¢" )0 -¢")..(0-¢)A - ¢") A - ") ..(1+ )T + ¢°)..
- (1-g"(1—q%(1 —q%..

= f(—q% —q*) x

Similarly, we can do the following identities
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f-a-9% qrY/ 2 (—q),
Ce(-q) z (Dn

_ zq”("“)( T q*)n
(q)2n+1

f(=a*—-4% Zq"("“)/z( Dy
(Dn

q /2 (—q) 4
(@n

I
NgE

S
Il
o

q" (=4% 4%)n
(Q)2n+1

I
Ms

S
I
o

" (-1;q%n

I
M8

n=0 (q)Zn
f(qq had n(2n+1)
f( q?) Z (D2n+1
f@a) X @ (Dan

v(=a)  £&(a%49*)n(@% qDn

f@-a% _ 0 (14N (~4; ¢Pn
Y(—q) (@% q*)2n

n=0

f(~a:q% _ i q" ") (=14 (=4; ¢Dn

Y(=q) (@% 4®)2n
(@8 P (=@on
0 (=47 £ (4 4)n+1(q% 4%
f(6-0%) _ "D (=% qHa
0(=4) i (D2n+1 (=49
f(=a%=0®) _ N "™V (0% 0P
¢(=q¢*) & (4% q%)nr1(@Dn



We now list some general transformations. These can be derived as limiting case of
transformations between basic hyper geometric series.

Leta,b,c,d,yand q € C,|q| < 1then

(n

z(a band” 7 C )" (er/abia), o (e/a,c/biad’ T ()" D
— €V, @ Dn Vo & (c,cy/ab,q; n
o nn- 1)( )n (3n —3n)( b )n
-V Y
Z CORCT NS )wz CORCONGTN 2)

(m +m) 0 n(m +m)

) qm ()™
(=bq™;q )OOZ( bqa™q™) m (@ Pm = (704 De — (_aq’Q)nm(q 1qM)m ®

(@ Dnd™ D" (4D N (@ 4Dng™ T (—bg)"
(@ Dn(ab;q*)n  (ab;qH) e &= (4% 4%)n(b;q%)n

(4)

The transformation (1) is a limiting case of g-analogue of the Kummer Thomae-Whipple
formula (see [5] p-72, equation 3.2.7) or (see [7] p-40, equation (6.1.2)). The proof of
transformation (2) is found in [1]. This transformation (2) is also appears in [7], (equation
(6.1.11) p-41). A limiting case of a transformation due to Andrews [2] leads to the identity
(3). This transformation (3) is also appears in [7], (equation (6.1.14) p-41). The identity
(4) follows from a result of Andrews in [1]. It is also appearing as equation (6.1.19) in [7].

We now again list some general transformations. These can also be derived as limiting case
of transformations between basic hyper geometric series.

Leta,b,c,d,yand q € C,|q| < 1then

e N q"Y"(—F Dzn
Z T ) =(—yq;q)wz Pz (5)
10 /s Dn(@ Dn 70 (4% 4Dn (23 4)n(=74% 40

z(a Q)ann n( %) _(%;qz)oo had qnz—nyn(_c)n
bopenr (q ;qz)n(C;Q)Zn B (Do nzo(q;q)n(—%;q)n

(6)
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311 —211( aZ)n

gV (—a)"
Z‘ @%@ Dan (@ q)mz (T D (7)

i (@ Dud™ (D) __(B:4"n i (@ 42)nq™ " (=bg)" ®

(@ Dn(ab;¢®)n (b4 &t (4% 4% (b; 4*n

(@% Qud*™ (@™ _ (@24 D N (& Dnd™ " (@q)"
(@ @n (—aq; @) &4 (aq,q; @n

9

n=0
The transformation (5) is appeared as (6.1.12) on page 41 in [7]. The transformation (6)
follows from(3.5.4) on pages 77-78 in [5], after replacing ¢ with aq/c’ then lettinga — 0
and finally letting b — oo. It also appeared as (6.1.17) on page 41 in [7]. The transformation
(7) follows from (6) upon letting d — oo, and then replacing c with a. this transformation is
also appeared as (6.1.18) on page 41 in [7]. The transformation (8) follows from a result of
Andrews in [1] (see corollary 1.2.3. of [2], where it follows after replacing t by t/b’ then
letting b — oo and finally replacing t by b). Finally, the transformation (9) is appeared as
(6.1.21) on page 42 in [3].

Now we introduce some identities from Lucy Slater’s famous list [9] of Rogers-Ramanujan
Type identities. Each of them below that appears [8] is designated with the a “Slaters
number” S.n.

""" VDn _ (445
—= (641 @n 9=

, (see 7], equation (2.6.5),p — 13); (S22) )

0 3n(n+1)
_ f(=q%*—q%) . | )
Z GO @D fD (see [7], equation (2.10.4),p — 17); (S44) (i1)
© n(3n 1) f( . 6)
Z @GO Dn (=D , (see [7], equation (2.10.5),p — 17); (S46) (iii)
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n(n+1)

N (- Q@707 _ s |
Z Dor— ot=q)  see 7} equation (2.14.5),p = 19); (Sa0) (iv)
o qn(n2+1)(_q) Q(q7._q)

,Z, Do~ o(eq) e 7] equation (214.4),p = 19); (Se) )
- q@(_q) Q(q7'—q3)

; @Danrr o) , (see [7], equation (2.14.6),p — 19); (Se2) (i)
C Y Q@@ —q?) . o )
;(q)zm‘ Foq e l7) equation (2.20.5),p = 23); (Soa) (wii)

0@ —qY) . 23,
nZ(:) Do (=) , (see [7], equation (2.20.6),p — 23); (So6) (viii)

qn(n+1) _ Q(q10} _q)

= D f(=q) (see [7], equation (2.20.3),p — 22); (Sso) (ix)
Z ((Zn (;r)n = f(;g;_;)q‘*) ,see [7], equation (2.5.1)p — 11); (S14) (x)
> —1)" 3n2 _ 2; 3
2. (—q-(qZ)) D :f(fg—qZ)q ?see 7). equation (25.7)p = 12); 5) (xi)

[ee]

nn+1)_ 4. 42 2. 10
z : Ct q()zZ:I 2=t ;I(;q)q  see [7) equation (212:2)p = 17 (5z) (xid)

n=0
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i 2n(n+1) f(q; q7)

@D D) ,see [7], equation (2.8.9)p — 15); (S3g5) (xiii)
d 2n .5
Z q? ) — ff(zlj;q‘i))'see [7], equation (2.8.10)p — 15); (S39) (xiv)

nn+2) —qg:—q°
Z q (44 _ a4 ),see [7], equation (2.6.2)p — 13) (xv)

(@59%, P9

3.6. Some Identities of Rogers-Ramanujan Type Related to Modulo 7:
Replacing q by ¢? in (3) we get

m+mm

( ban,an)ooz a
(— qu” 7*)m(@% q*)m

[ee)

= (—a9% 9% o
m

n(m +m) ()™
~ (—aqz: 4 nm (@2 2 )m

(3.6.1)

The equation (3.6.1) forn = 2,a = q%,and b = —q? gives

qm 243m s (_1)mq2(m2+2m)

4 — 2
(@ q)“z(q @@ 4% 42 (=% 4*)am(@*: ¢

This, after some simplification gives

(4% 4w O Z a3 (—q% 4%,
(1-9%)(q% q") e &= (=% %) 2m(@*: ") (9% 9% 2n+1
m=0

1
Now taking q — g2 and writing n in place of m, we obtain the following identity:

s 5 N " a0,
(1= (% 4% &t (—0% D2n(@% 4P (4 Dznes

_ Q@’-9%
o(—q)

, on using (vi)

_@44%454)(@.4% 4o (G D
(@ Deo
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(0% 90 (@%0)0(@7:97) o
(4 Do

® (1 — 4+7j)(1 _ 3+7j)(1 _ 7+7j)
— 13. 14 P ]—1( q q q
(@970 ) (=0 Do 2 (- q)

= (4,94 9" 0 (¢ Do

1
1—qm

= (4,94 ") o (¢ Do 1_[ n % 0,3,4(mod7) (3.6.2)
n=1

Again setting n =2,a=1andb = —q—12 in (3.6.1) we get on some simplification, the

following equation:

(=4% 4o G O S g™ (=4% 4P)m
(@%qN e 4= (—9%5 0% 2m(a% q*)m (% q%)2m
m=0 m=0

1
This equation for ¢ = gz and m replace with n gives the following identity:

© 2 o nn+1)
(%D D" Z 4 2 (=% Dn
(400 & (=0 D2n(0% 9% & (@G Don
Q@@ -
= —<p(—q) from (v)
_@%4959)003% 9% 1N (-¢ De
CHO®
(0% 9o (@0 0(q7: 97 oo

=(3°9% 9" o0 (G Do
) ) CHPS

7a(1- g7 (A - g (A - q77)
?:1(1 —q**)

=(4°9% 9" (-9 Do

1
1—q™’

=(@%9% 01" (~T Do 1_[ n % 0,1,6(mod7) (3.6.3)
n=1

Moreover, the equation (3.6.1) forn = 2,a = 1 and b = —q? gives

—q%: %), had —_1)mg2(m?+2m) X mm+1)_ 2, o2
(=a%4%) (=1)™q zzq (=47 9)m (3.6.4)
m=0

(0% e 22 (4% %)2m(@% q)m (@% 4*)2m+1
1
Taking g — gz and replacing m by n in (3.6.4), it yields
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—n- had —1" (n2+2n) had n(n2+1) P
4 D (=1)"q zzq (=@ Dn
(490 &= (4 D2 (0% 9%)n & (@ D2nts

Q@@ —9%) .
= —<p(—q) from (iv)
_@%4%4%4)20% 4™ 4o (=4 Do
(@ Do
(@%9)0(@%0)0(@797) e
CHOP

® (11— 5+7j)(1_ 2+7j)(1_ 7+7j)
— (3 11, 414Y (.. j=1(1—q q q
@598 (—4 Do = A= q)

=(¢% 9% 3 e (G Do

-1 1
= (6% 9™ ") (=0 @)oo nmn % 0,2,5(mod?7) (3.6.5)
n=1

Lastly, taking g — ql/ 2 in the transformation (4) and then setting

a= —ql/Z,b = —q, it gives

n?+2n) . n%+n

(—q;q)ooi —q'2%q)ng 2 -y q 2 (=974
@5 Qe @GOCGDn L (q2q)ns1(02072),

Now using the identity (i) after replacement of q by g?, it gives the following identity:

(=% 4D o O (=5 §2)n g +2™ _ Z q ) (—q; )
n=0

(4:4%)e & (@54 (4 4*)n+1(@; Dn
_f(=4-4%
¢(=q)

_@3%54% 9% (=0 Do
(@ Deo

That is,

(0% 8o N CHaa™ " _ [ 1
n=1

,n % 0,1,5(mod7) (3.6.6
(G460, (@459 1—q" (3:66)
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3.7. Some Identities of Rogers-Ramanujan Type Related to Modulo 8:
Replacing q by ¢? in (5) we get

d 2nZ..n ann_q_z.z
g™y Y (=342

2
n=0 (q /b ; qz)n(q2; qz)n

= (—79*% 9w (3.7.1)

4
120 (4% 4n (23 an(-74% 40
Setting b = i and y = q* in (3.7.1) we have
(_qs. q4) Z an(n+1)(_q3; qZ)Zn _ Z q2n2+2n
T L (@599(0% qDn(=4% 4D & (0% 407 4Dn
Which on some reduction, yields

(_qs; q4)oo an(n+1) (_q3; q2)2n _ q2n(n+1)
(1-9) &Z(@%5qD:m(=0%9n & (@ Dania

(3.7.2)

Now using (xiii) in (3.7.2) we get the following identity

(=% 9w Z "V (=4%9)em _ f(@:9)
(1-a) &(@59D.m(=q%qDn  f(=9%)
_4-9%4% 4%
(4% 4*)e
_ 4470 (=4"4%2@% 4%
(% Do (4 Doo
7L+ g (A + g7 (1 - g%
21+ H(A =g/

0 1 0 1
_ H T 1_[1 = Wheren £ 17(mod8) &m % 0(mods) (37.3)
n= m=

Again, placing q1/2 in place of q in transformation (5) we have

2
o) n

w /
Z qzy" - @) qzy"(—qTZ:ql/Z)Zn
02/ . yia s T L 4 (T D (v T D)
n=0( b;q /z)n(q /Z;C[ /Z)n n=0 9 q)n bz'q n\"YL Qn

(3.7.4)

Which for b = q1/4 and y = 1 gives
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i q/z _(qq)z /2(q/4q/2)2
L (g0 2)0(q" 29 2),, 4 (45 Dn(q /8 Dn(~G D

Now, taking q — q* we get

[ee]

2

4*" (=4 4*)2n =z
AT DN N A G DM CET DM

=i qnz

£ (45 @)2n

f(q q°)

f(-q»)

_(=4%5-49%4% 4%
(% 9% o

(=9% 1Mo

from (xiv)

_ (=23 9% (4% %) (4% ¢%) o
(DT Do
(1 + @) (A + g% (A - ¢%¥)
a1+ — g/t

[} 1 1
= H Tt g% 1_[1 T—gm’ where n # 3,5(mod8) & m # 0(mod8) (3.7.5)
n= m=

3.8. Some identities of Rogers-Ramanujan Type Related to modulo 10:
Replacing q by g2 in (2) we get
had qn(n—l) (_y)n q(3n2—3n) (—b)/)n
1 (b;4*)n (4% 4*)n — (0% 4*)n(b; 4)n(v; 4*)n
Settmg b = q y = —q3in (3.8. 1) we get

n(n+2) 3n +3n

— 2 2
Z (a% qz)n(q D, 4TE i )wz (a% q4)n+1(q a*n
Which forq = q 2 gives

= 0o

(3.8.1)

. nn+2) . (3n2+3n)

1 z q 2 _ q 2
A= (=q"%De it (@/2 (@ D 54 (@ T Ins2(@ D

from (ii)

_f(=4%—4%
AG)
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0%9% 9% 9w
- CHOP
_@%59™)= (0% 4@ 7)o
CHOP
;3-;1(1 _ q2+10j)(1 _ q8+10j)(1 _ q10+10j)

g™

1
_ U = % 0280m0d10) (3.8.2)

The equation (3.8.1) for b = q, y = —q gives

3n
(—q qz)mz(q q*)n (4% qH)n Z(q ;q*)n(q% qn

Which for g — q1/2 gives :

n- o 3n—
2

1 q
(—ql/Z;q)oo,;(ql/Z; Dn(@ PDn Z (4 4)n(@ Dn
_f(=4%—4°)
f(—9)
(@% 4% 9™ 3"
- CHO®
_ @%59™)0 (9% 470 7)o
CHOP
}30;1(1 _ q4+10j)(1 _ q6+10j)(1 _ q10+10j)
jo=1(1 —q'*)

from(iii)

1
_ U T % 04,6(mod10) (3.83)

Also the equation (3.8.1) for b = g3,y = —q? gives

(_qz;qz)oo d q3n2+2n qn Zin
(1-9*) £i(a*q9(q% %) Z (@ D21
_Qq"%—9%) g
= —f(—q) from (vii)
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_ (q7; q3; q10; qIO)OO(qll-,. C116; qZO)Oo

CHO®
_@%54™54%) (0750 (@% 470 (47% 4™ e
CHO®
Thus we have
(_qz; qz)oo z 3n +2n ;0;1(1 _ q4+10j)(1 _ q6+10j)(1 _ q10+10j)
(@% 9% q*%) (1 — q*) L (g% q“)n(q P Sl —q'*)
1
= 1_[ T qn,n # 0,3,7(mod10) (3.8.4)

Moreover the equation(3.8.1) for b = g3,y = —q3 gives

3n +3n n?+2n

GUATD®
1-9 Z(q ;%) (9% qM)n Z(q 4 2n+1

Q(q*% —q*)
= rom (vt
f—q  romen
_@%49%49™4™)=(9% 9" 4o
CHAP
_ @547 %) 0% 4% 47 ("% 4™ e
(@ Do
Thus we have
( q q Z 3n +3n ;30;1(1 _ q6+10j)(1 _ q4+10j)(1 _ q10+10j)
4% 9% 4% o (1 —q) & (g% qz)n(q 0n (1 —q™)
= 1
- 1_[ = % 046(mod10) (38.5)
n=1

And finally setting b = ¢3,y = —q?in (3.8.1) it yields

n2 24n

(4% q )wZ(q a*)n(@" qn Z(q q*)n(a% q*)n
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d CInz+n
- ; (@ Dzn

= —Q(qlo; —4) from (ix)

f(—q)
@% 44" 4" (4% 9% 4*%) o
CHD™
_ (@% 9% 4% (4% 4 0o (4; ) (%% 4 o
CHD™

Thus we have the following identity

(0500 ¢ ﬁ 1
=| |+—==n #01,9(mod10) (3.8.6)
(@% 4% 0% &2 (34 (q5 9D 1 11—q"

3.8. Some identities of Rogers-Ramanujan Type Related to modulo 12:

Placing g2 in place of q in transformation (9), we get

D @0 M@ _ (@707 4D ' (-3:4))nq" " (ag?)" (39.1)
~ (4% q*)n (aq%q*)w & (aq%,4%q%)n .

Setting a = q in (3.9.1), it reduces to:
(% a8 " (0% 4D 0 O (=4 4D)nq™ "

@450, (050wl (@%4%59%n

n=0
Which reduces to the following identity after some reduction:
(4% 4D o 0 (g% qz)nq3n2+3n ® (—q; qz)nqn2+2n
@50 -D& @500 & @ Dzen

=0

_f(=4% -4
AG)
_ (qZ; q10; q12; qlz)oo
(@ Deo
_ @5 4™)= (043 4)o
(@ Do

from (xii)
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Thus we have
;30=1(1 _ q2+12j)(1 _ q10+12j)(1 _ q12+12j)
FCRRE)

= 1
- 1_[ o % 02100mod12) (3.9.2)

n=1
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Chapter 4: Further Theorems of the Rogers-
Ramanujan Type Theorems

41. Introduction

In the theory of partitions, we find a number of identities which state that for each
positive integers nthe partitions of n with parts restricted to certain residue classes are
equinumerous with the partitions of n on which certain difference conditions are
imposed. Among the most striking result of this type are Rogers-Ramanujan identities.
These were stated combinatorically by P. A. McMahon as follows

1.1.  The number of partitions of n into parts with minimal difference 2 equals the
number of partitions of n into parts which are congruent to +1(mod 5).

1.2.  The number of partitions of n with minimal part 2 and minimal difference
equals the number of partitions of n into parts which are congruent to
+2(mod 5).

Recently, Hirschhorn using some of the Slater’s identities [8] proved four theorems of the
Rogers-Ramanujan type. Later, using the same identities of Slater’s, Subbarao established
entirely different combinatorial results. Subbarao’s results bear striking resemblance with
the Rogers-Ramanujan identities.

1.3.  Let A(n) denote the number of partition of n into parts congruent to
+1,+2,45,+6,+8,+9(mod20). Let B(n) denote the number of partitions of n
of the form b; + b, + - + by, where b; > b;, 4, and, if

o [t—2
1<i< [T]Jbi_bi+l >2
Then A(n)=B(n) for all n.
The object of this chapter is to prove the following theorem:(see [9])

Theorem 1.

Let C(n) denote the number of partition of n into parts congruent to
+2,43,+4,+5,1+6,+7(mod20). Let D(n) denote the number of partitions of n of the form
n=>by+ by + -+ b;,where b, > 2,b; > b;,4, and, if

-2
1S1S[T],bi—bi+122

Then C(n)=D(n) for all n.
Proof:

let ,(n) be a partition enumerated by D(n).
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Then forsomes > 1,t =2s—1ort = 2s.

First fort = 2s

then,
m:(n) = by + by + -+ + byg
mys(n) = by + by + -+ + by
With
bg > 2,bs_q = 4,..b; =25
And bsi1 = bgyp =, .. 2 byg =2

We subtract 2,4,6, ...,2s from by, bg_4, ..., by, byrespectively and 2 from each of
bsi1,bgy2, ..., bys. This produce a partition of

T (—ad)
(q; q)ZS - 1:0[ (1 _ qq25+i)
_ (1 _ qi+'1)
L 3 (1__ q25+1+1)
(-9 (A-9) (1-¢*) @A-g**h)
- (1 _ q25+1) : (1 _ q25+2) (1 _ q25+25) : (1 _ q25+25+1)

=1-90—-q»)..(1—-g%)

5243s s243s

q B q
(@2 Q-1 —g?..(1—q%)
=n—[2+4+6+--+2s)+ 2s] =n — (s? + 3s) into at most 2s parts.

Thus the partition of the type m,;(n) are generated by

5243s

h.(s —12,.)
Similarly if t = 2s — 1 then

Mys—1(M) = by + by + -+ bys_y
With bs_y = 2,bs_, = 4,..b; = 25— 2,
And by = b1 = bsyp =,... 2 byg_ 1 = 2

We subtract 2,4,6, ...,2(s — 1) from b,_, ..., b, respectively and 2 from each of
bs, b1, bgyo, ..., bos_1 We are left with a partition of
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n—[21+24+3+-+(s—-1)—-2s]=n—(s*+5s)
Into at most 2s-1 parts.

This shows that the partition of the typem,,_,(n) are generated by

q52+s
—.(s=1,2,..
(@ @) 2s-1 ( )

Thus

had had qn2+n
D(m)q" = E

Z — (9 D2n

n=0 n=0

Now an appeal to slater’s identity [8, (99), p.162)

Do (@
_ qlon)

Hence the theorem.

had qn2+n 1 had
Z 1_[(1 _ qlon—l)(l _ qlon—Q)(l _ q20n—8) X (1 _ qZOn—lz)(l
n=0 (q q)oo n=1

We shall also prove two more identities stated below:

Theorem 2:

let P;(n) denote the number of partitions of n into parts congruent to

+1, +4, +6, +7(mod 16). P,(n) denote the number of partitions of n of the formn = b; +
b, + -+ bys,q, whereb; > b;,1,bs,1 = s,bs # bg,1andif1 <i<s—1,b;—b;;1 =
2. Then P, (n) = P,(n)

Proof:

let mp511(n) = by + by + -+ by + bgyq + -+ bygyq
With bg,y =2 s,by=>s+1,bg_1 =s+3,...,by =s+(2s—1)
And bgyp 2 bgy3 2 bspg 2 2 bysyq 21

Subtracts,s + 1,s + 3,...,s + (2s — 1) from b4, by, ..., b;respectively and 1 from each
bsi2,bsy3, .-, basq- This produce a partition of n-2s(s+1) into at most 2s+1 parts. This
shows that the partitions of the type m,,,,(n) are generated by

25(s+1)

q

—(s=1,2,..
(@ @) 2541 ( )

The theorem follows immediately once we recall the following identity of slater [8, (86),
p.161]
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2n(n+ 1)

[ee] 1 ©
Z (G Damer (@) 1_[(1 — g8"3)(1 — ¢8"5) x (1 — g1o"14) (1 — g16"~2)(1 — ¢8")

Hence the theorem.

Theorem 3:

The number of partitions of n into odd parts equals the number of partition of n into an odd
number, say 2s+1, of parts, satisfying the conditions that the middle part is at least s and the
first s parts have minimal difference 1.

Proof:

Let u(n) denote the number of partitions of n of the type described in the second part of
the theorem.

By the usual argument it can be shown that

2n +n

Z um)q" = Z (@ D2n+1 (@)

The theorem follows immediately once we note that the right-hand side of (a) equals
(—9q; @) in view of the following identity due Slater

o)

n(2n+1) 1_[(1 +q4n 1)(1+q4n 3)(1_ )
P (q Dzn+1 —q*" '

Hence Proved.
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Chapter 5: Some New Partition Theorems

5.1 Introduction:

It appears that P. A. MacMahon was the first to recognize the combinatorial significance
of the Rogers-Ramanujan identities. The second of these identities was stated thusly:

The partitions of any positive integer, n, into parts of the forms 5m++2, 5m+3 are
equinumerous with those partition of n into parts = 2 which involve neither sequence nor
repetitions.

In the next chapter of MacMahon’s book, the following striking (and little know) theorem
which resembles the second Rogers-Ramanujan identity is proved, although not explicitly
stated:

The partitions of any integer, n, into parts of the forms 6m, 6m+2, 6m+3, 6m+4 are
equinumerous with those partitions of n into parts = 2 which do not involve sequences.

Thus with n=12, the partitions of the first type are
12,10+2,9+3,84+4,8+2+2,6+6,6+4+2,6+3+3,6+2+2+2,
44+4+4,4+4+2+2,4+3+3+2,4+2+2+2+2,3+3+3+3,
3+3+2+2+2,24+2+2+4+2+2+2

While the 16 partitions of the second kind are
12,10+2,9+3,84+4,84+2+2,7+56+66+4+2,6+3+3,6+2+2+2,
5+5+2,4+4+44+4+2+2,4+2+2+4+2+2,3+3+3+3,2+2+4+2+2+2+2

The following theorem in certain sense appears to be intermediate between the second
Rogers-Ramanujan identity and MacMahon’s Theorem.

Theorem 1:

The partitions of any positive integer, n, into parts of the forms 6m+2, 6m+3, 6m+4 are
equinumerous with those partitions of n into parts > 2 which neither involve sequences nor
allow any part to appear more than twice.

Thus again with n=12, the 11 partitions of the first type are
10+2,9+3,8+48+2+2,4+4+4,4+4+2+2,4+3+3+2,
4+2+4+2+2+4+2,3+3+3+3,3+3+2+4+2+2,24+2+2+2+2+2;
While the 11 partitions of the second type are
12,10+2,9+3,84+4,8+2+2,7+56+6,6+4+2,6+3+3
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54+5+24+4+2+2.
Actually it is a special case of the following theorem with k=1, a=0.
Theorem 2:

Let 0 < a < k be integers. Let 4, ,(N) denote the number of partitions of N into parts Z
0,+(2a + 1)(inod4k + 2).Let B, ,(N) denote the number of partitions of N of the form
i1 fi-i, where

1. f1 < 2a
2. E(f‘-l_l)] +E(fi+1+1)]ﬁk
Then

Ak,a(N) = Bk,a(N) .
Proof:

We first discuss the second condition on the partitions enumerated by By ,(N); it states
that, if i appears 2j — 1 or 2j times as a summand, then i + 1 appears at most 2(k — j)
times. Thus we see (with j=k) that no part appears more than 2k times.

We now proceed by the technique developed in [1] and [2]. If

(1-xq)..(1 —xq")
1-q@)..(1—q") "’

Ck,i(x; q) — z(_1)uxkuq1/2(2k+1)u(u+1)—iu(1 _ xiq(2u+1)i) % (1)

u=0

Then [12, p.4]
CriC6 @) = Croi1 (6 @) = x'71q7 (1 = x@) Chpe-iia (xq; @), (2)
And [12, p.4]
Cre-i (@) = —x7'q 7 C,i (x5 @) 3)

Consequently, if we define
Rii() =C. 1(x%q?) 1_[—1
ot wivg U] 1T =xqly
j=1
Then for 0 < i < k, (2) implies
Riei(x) = Rici—1 (x) = x*71q* 1 (1 + xq) Ry - (xq) (4)

And (2) and (3) imply
Rio(x) = R pe(xq)  (5)
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We may expand Ry ;(x) as follows

Ry i(x) = Z z Co i (M, N) xM gV, x| < 1,lql < 1. (6)

N=—o0co0o M=—0o0
Then by mean of (4), (5), (6), and the definition of Ry ; (x) we easily verify that

1 ifM=N=0

0if either M <0or N <0and M?+ N? # 0, ™)

G (M, ) = |
Cro(M,N) = Cy(M,N — M), (8)

Ck,i(M'N) - Ck,i—l(M'N) = Ck,k—i(M - Zl + 1,N - M) + Ck,k—i(M - ZL,N - M) 0 <l
<k 9

Let py;(M, N) denote the number of partitions of N into M parts of the form N=}22, f;.j
with f; < 2iand
1 1
56+ 0| + 560+ D] <k
We wish to show that p ; (M, N) satisfies (7), (8), and (9). Now (7) is by definition.
As for (8), let us consider any partition enumerated by py o (M, N).

Since 1 does not appear, every summand is = 2. Subtracting 1 from every summand, we
obtain a partition of N-M into M parts with 1 appearing at most 2k times and again

E ; + 1)] + E(fj+1 + 1)] <k

Thus we have a partition of the type enumerated by py, (M, N — M). The above procedure
establishes a one-to-one correspondence between the partitions enumerated by
Prx (M, N — M) and the partitions enumerated by p o(M, N). Hence

Pro(M,N) = pyx(M,N — M).

Finally, we treat (9). We note that py ;(M, N)—py ;—1 (M, N) enumerates the number of
partitions of N into M parts of the form N=Z}’-°=1fj.j with f; = 2i — 1 or 2i

And
E (f; + 1)] + E (fj+1 + 1)] <k.

In case f; = 2i — 1, we see that f, < 2(k — i); subtracting 1 from every summand, we
obtain a partition of N-M into M-2i+1 parts with 1 appearing at most 2(k-i) times and

E (f; + 1)] + E (fj+1 + 1)] <k
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Thus we have a partition of the type enumerated by py, ._;(M — 2i + 1, N — M).

In case f; = 2i, we see that f, < 2(k — i); subtracting 1 from every summand, we obtain a
partition of N-M into M-2i parts with 1 appearing at most 2(k-i) times and

E G+ + [% (fa +D| <k
Thus we have a partition of the type enumerated by py, ,—;(M — 2i, N — M). The above
procedure establishes a one-to-one correspondence between the partitions enumerated by
Pi,i(M, N)—py;—1 (M, N)
And the partitions enumerated by
Prx—i(M —2i +1,N — M) + py (M — 2i, N — M).

Hence

Piei (M, N)=py i1 (M,N) = pj—i(M — 2i + 1,N — M) + py i (M — 2i,N — M).
Thus by the comment following (9),

Cri(M,N) = py;(M,N) (10)

Thusfor0<a <k

[ee)

Ak,a(N)q = 1 _ n
Z I I q
N=0

n=1
n=0,+(2a+1)(mod 4k+2)

= Rk,a(l)

o)

= Z Pra(M,N)q"

N=—oo M=—0o

= > BraNa",
N=0

Where the second equation follows from Jacobi’s identity

Therefore
Ak,a (N) = Bk,a (N)

Hence proved.
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Chapter 6: Conclusion

We have only touched on a small part of the Rogers-Ramanujan story in this survey. The
main goal has been to present an expanded version of Slater’s list with the earliest known
reference to each identity in the literature. Slater’s list contained only a few references to
the earlier literature, and of course, Ramanujan’s lost notebook was unknown to the
mathematical community in 1952. Accordingly, we believe it was a useful endeavor to
bring together Slater’s list with Ramanujan’s lost notebook, and the dozens of additional
identities of similar type which have been scattered throughout the literature over the
years. Since Slater’s main tool was Bailey’s lemma and Bailey pairs, was included an
exposition of this material in the introduction.

The transformations can also be used for searching further identities of Rogers-Ramanujan
type list.
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