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PREFACE

This Thesis Report has been created as a part of the MAT-651 Discipline Specific Dis-
sertation for the M.Sc. in Mathematics program during the academic year 2023-2024,
It is on the topic "Study of Variations in Lucky labeling of Graphs:A Comprehensive
Analysis" and is divided into four chapters. each systematically covering different aspects
of the topic.

CHAPTER ONE :

The Introductory stage of this thesis report is based on overview of lucky labeling of
different graphs, the definitions of the classes and types of graphs used throughout the

thesis and few results based on lucky labeling used to prove theorems on labeling.

CHAPTER TWO:

This chapter is about the lucky Number of triangular Snake graphs, quadrilateral snake
graphs, bloom graphs, extended triplicate of a star graph

CHAPTER THREE:

The chapter discusses the Proper Lucky labeling of triangular snake graph, quadrilateral
snake graph, bloom graph, extended triplicate of a star graph, family of ladder graphs.
CHAPTER FOUR

It further deals with d-Lucky labeling of butterfly network graph, benes network, mesh
network.

CHAPTER FIVE:

In this chapter we propose theorems on lucky numbers of butterfly network, cycles,
wheel graph, mycielskian of paths , mycielskian of cycles, Lolipop graph and proper
lucky number of butterfly network.

CHAPTER SIX:




This chapter Concludes the lucky numbers that had been discussed in the preceding

chapters.
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ABSTRACT

Let f:V(G) —+ N be a labeling of the vertices of a graph G by positive integers. Let

S(v) denote the sum of labels of the neighbors of the vertex v in G. If v is an isolated
vertex of G we put s(v) = 0. Define s(v) = ¥, =n(,) f(u), as the sum of neighborhood of
vertex v, where N(v) denotes the open neighborhood of v € V. A labeling f is lucky if
s(v) # s(u) for every pair of adjacent vertices u and v.
After Lucky labeling, new labelling called Proper Lucky labeling, d-lucky labelling were
introduced. In this work we will see the lucky, proper lucky and d-lucky numbers of few
classes of graphs. We also found the Lucky numbers of butterfly network topology, cycle
graph, wheel graph, mycielskian of path and cycle, lolipop graph, banana graph. and
finally the proper lucky number of butterfly network topology..

Keywords: Lucky labeling; Lucky Number; Proper lucky labeling: Proper lucky

Number; d-lucky labeling; d-lucky lucky number.
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Chapter 1

DEFINITIONS

1.1 Lucky Labeling and its Type

Definition 1.1.0.1. Lucky Labeling of Graphs

Let f: V(G) € N be a labeling of the vertices of a graph G by positive integers. Let s(v)
denote the sum of labels of the neighbors of the vertex v in G. If v is an isolated vertex of
G we put s(v) = 0. Define s(v) = ¥ ,cn(y) f (), as the sum of neighborhood of vertex v,
where N(v) denotes the open neighborhood of v € V. A labeling f is lucky if s(v) # s(u)

for every pair of adjacent vertices « and v.

Definition 1.1.0.2. Lucky Labeling Number
The lucky number of a graph G denoted by 1)(G) is the least positive integer k such that
G has a lucky labeling with {1,2,..., k} as the set of labels.

Definition 1.1.0.3. Proper Lucky Labeling of Graphs A lucky labeling is proper lucky

labeling if the labeling G is proper as well as lucky i.e. if ¥ and v are adjacent in G then

flu) # f(v) and s(u) # s(v).

2]



Bl DEFINITIONS

Definition 1.1.0.4. Proper Lucky Labeling Number
The proper lucky number of G is denoted by 1,(G) is the least positive integer k such
that G has a proper lucky labeling with {1,2.....k} as the set of labels.

Definition 1.1.0.5. d-lucky labeling of Graph

Let [ : V(G) € N be a labeling of the vertices of a graph G by positive integers. Define
c(u) = Yuen(v) [(v) +d(u), where d(u) denotes the degree of u and N(v) denotes the
open neighborhood of u. A labeling / is said to be d-lucky labeling if c(u) # ¢(v), for

every pair of adjacent vertices u and v in G.

Definition 1.1.0.6. d-lucky Labeling Number
the d-Lucky Label of a graph G denoted by 14 (G). is the least positive k such that G
has d-lucky labeling with {1,2,....k} as the set of labels.

1.2 Graph Classes

1.2.1 Family of Triangular Graphs

Definition 1.2.1.1. Triangular Snake Graph
The triangular snake 7S, i1s constructed with 2n — | nodes where n > 2, u; have n
nodes, v; have n — 1 nodes and the edge E(TSy) = {ujttie) : 1 <i<n}U{uvi: 1 <i <

H}U{I{]+il'i 1<i< H}.

Definition 1.2.1.2. Double Triangular Snake Graph
A double triangular snake graph DTS, is constructed with the the 3n — 2 nodes where
n > 2, u; have n nodes, w; have n — 1 nodes and the edge set E(DTS,) = E(TS,)U {1;w; :

1| <i<n}U{upiwi: 1 <i<n}.

22



1.2 Graph Classes 5

Definition 1.2.1.3. Alternate Triangular Snake Graph An alternate triangular snake
ATS,, is constructed with the 31? nodes where n > 4, u;j have n nodes, v; have 5 nodes, and

the edge set E(ATS,) = {uitis) : 1 <i<n}U{wigvi: 1 <i<n}U{ugvi: 1 <i<n}.

Definition 1.2.1.4. Double Alternating Triangular snake
A double triangular snake DAT'S,, is constructed with 2n nodes where n > 2, u; have
n nodes, v; have % nodes, w; have % nodes and the edge set E(DATS,) = E(ATS,)U

{ugi_ln-', 1 <€i < ﬂ} U {ug-,wl- 1 <i< ﬂ}.

1.2.2 Family of Quadrilateral Graphs

Definition 1.2.2.1. Quadrilateral snake graph
A quadrilateral snake graph @S, is obtained from 3n — 2 vertices where n > 1, u; have n
vertices, v; have 2n — 2 vertices and the edge set E(QSy,) = {uuti41 : 1 <1 <n}U{vai vy

1 <1<n}U{uiveig: 1 <1 <ntuU{upgvi:1<1<n}.

Definition 1.2.2.2. Alternating Quadrilateral Snake Graph
An alternating quadrilateral snake graph AQS,, consists of 2n vertices n > 1, u; have n
vertices, v; have n vertices and the edge set E(AQSy) = {uittis1 1 1 < 1 < n}U{vai vy

1 <1<n}U{ugvi: 1 <1 <n}U{uzvaig:1<1<n}

Definition 1.2.2.3. A double quadrilateral snake graph DQS, consist of a 5n — 2 vertices
where n > 1, u; have n vertices, v; have 2n — 2 vertices and the edge set E(DQS,) =

E[QSH}U{H-'gi_HVzi_] 111 < H}U {lli...]'lrt-'g',: 1 <1< ﬂ},

Definition 1.2.2.4. Double Alternate Quadrilateral Snake Graph
An alternate double quadrilateral snake Graph DAQ, is consist of a 3n vertices where
n > 1, u; have n vertices, v; have n vertices and the edge set E(DAQS,) = E(AQS,)U

{W:i_lwzi 11 <1 EH}U{HgiWEi 1< 1 SH}U{ugi.|’l‘g|‘_| 5 B 1 En}

23



6 DEFINITIONS

1.2.3 Family Of Ladder Graphs

Definition 1.2.3.1. Ladder Graph
The ladder graph has vertices u; and v; are the two paths in the graph. V(G) = {u;v;: i =
Jj.1 <i<n} and the edge set is given by E(G) = {ujujsy,vivi+1:i=j1<i<n

cup{ujvi:i= j, 1 <i<n}Itis denoted by L, .

Definition 1.2.3.2. Open Ladder Graph
An open ladder Graph generated from a ladder graph with n > 2 by excluding the Edges

u vj ,fori=landn, j=1and n. Itis denoted by OL,.

Definition 1.2.3.3. Slanting Ladder Graph
A Slanting ladder is the graph obtained from two paths ; and v; by joining each u; with

Visl » 1 <i<n—1,1<j<n-—1 Itis denoted by SL;.

Definition 1.2.3.4. Triangular Ladder Graph
A Triangular ladder Graph is obtained from /,, with n > 2 by adding the edges E(G) =

{uigvji=j,1 <n—1,1< j<n-1}. Itis denoted by TLy,.

Definition 1.2.3.5. Open Triangular Graph
An open Triangular Ladder Graph is generated from a Triangular ladder graph with n > 2

by removing the edges u;vj, for i = | and n, j = 1. It is denoted by OT L.

Definition 1.2.3.6. Diagonal Ladder Graph

A Diagonal ladder is a graph obtained from L; by adding the edges E(G) = {ujvjy 1 i =
J1<n—1L1<j<n—1}U{uinvj:i=j,leqi<n—1,1<&<n—1}. Foralln>2,
it is denoted by DL,,.

Definition 1.2.3.7. Open Ladder Graph
An open Diagonal Ladder graph is generated from a diagonal Ladder graph by excluding

the edges u; vj, fori = l and n, j = 1. It is denoted by ODL,.

24



1.2 Graph Classes 7

1.2.4 Other Graphs

Definition 1.2.4.1. The Bloom graph

By » mon > 2 is defined as follows:

V(Bmn) ={(x,y):0<m—1,0<y<y<n-—1}two distinct vertices (x;,y;) and (x;.y2)
being adjacent <=

(Jxx=x+landy; =¥

(ii) x; = x72 and y; = vy (modn)

(iii) x; = x2 and y; + 1 = y2(modn)

(iv) xo = x; + 1 and y; = y2(modn)

Definition 1.2.4.2. Triplicate Graph of Star Graph

Let G be a Star graph K ,. The triplicate graph for star graph with vertex set 8(G)
and edge set {(G) is given by 8(G) = {bc;' Ub'c;Ub'c;" Ub ¢’ /1 <i<n}and {(G) =
{bciUb i Ub'e" Ub /1 < i< n}. Clearly, triplicate graph of star graph TG(K ;)
with this vertex set and edge set is disconnected. To make this a connected graph, include
a new edge bc to the edge set {(G). Thus, we get an extended triplicate graph of star
with vertex set § * = {(G) and edge set {'(G) = { Ubc,. denoted by ETG(K ). clearly,
ETG(K)y). has 3(n+ 1) vertices and 4n + | edges.

Definition 1.2.4.3. n-dimensional Hypercube

The vertex set of @, consists of all binary sequence of length n on the set 0,1 i.e,V =
{x1,x2,..,xy € {0,1},i = 1,2,...n}.Two vertices are linked by an edge <= x and
v differ in exactly one coordinate. Q, is defined recursively as follows, Q; = k; ,

Oh = On1 X0 = K2XK>..K>

Definition 1.2.4.4. n-dimensional Benes Network

The n — dimensional benes network consists of back to back butterfly ,denoted by

25



8 DEFINITIONS

BB(n).The BB(n) has 2n + 1 levels, each with 2" vertices.The first and last n + 1 levels
of BB(n) form two BF (n) respectively. While the middle level in BB(n) is shared by
these butterfly networks.The n — dimensional Benes network has (n+ 1)2"*! vertices

and n2"*2 edges.It has only 2-degree and 4-degree vertices, and thus eulerian.

Definition 1.2.4.5. X-Tree
An X-Tree XT, is obtained from complete binary tree on 2"*! — | vertices of length

2" — 1 and adding paths P; left to right through all the vertices at level i ; 1 <i < n.

Definition 1.2.4.6. Butterfly network topology

A butterfly network topology consists of (k + 1)2* nodes arranged in k+1 ranks, each
row or rank containing n = 2* nodes. k is called the order of the network. For P(I.J)
the /™ node to ™ rank where (1 < i < k) and 0 < j < n .Then construct the two nodes
pli—1.m) p(i—1,m) on rank i,i — 1, where m is the integer found by inverting the i/

bit in the binary representation of j.

Definition 1.2.4.7. Banana Graph
An (n,k)-banana tree, as defined by Chen et al. (1997), is a graph obtained by connecting
one leaf of each of n copies of an k-star graph with a single root vertex that is distinct

from all the stars

Definition 1.2.4.8. Lollipop Graph
The (m.n)-lollipop graph is the graph obtained by joining a complete graph K, to a path
graph P, with a bridge.

Definition 1.2.4.9. Mycielski Graph

The Mycielski Graph of a graph G is obtained with V(G) = {v).v2,....v, } is the graph
which is obtained by applying the following steps:

1. Corresponding to each vertex v; in V(G), introduce a new vertex u; and let U = {u; :

I <i<n}. Add edges from each vertex u; of U to the vertex v; if vjy; € E(G) .

26



1.3 Theorems used 9

2. Take another vertex w and add edges from w to all the vertices in U.

The new graph thus obtained is called the Mycielski Graph and is denoted by u(G).

1.3 Theorems used

Theorem 1.3.0.1. The chromatic number of complete graph K, is x(K,) = n.

Theorem 1.3.0.2. The chromatic number of any graph G is greater than or equal to the

cligue number ie. @ <y

Theorem 1.3.0.3. For any connected graph G, the chromatic number is less than or

equal to proper lucky number i.e. x <m,

Theorem 1.3.0.4. For any connected graph G, the chromatic number is less than or

equal to proper lucky number i.e. ® <1,

Theorem 1.3.0.5. For any connected Graph G, n(G) < 1n,(G)

27
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Chapter 2

LUCKY LABELING OF GRAPHS

Definition 2.0.0.1. Let f: V(G) € N be a labeling of the vertices of a graph G by positive
integers. Let s(v) denote the sum of labels of the neighbors of the vertex v in G. If
v is an isolated vertex of G we put s(v) = 0. Define s(v)=L,en(,) f(u), as the sum of
neighborhood of vertex v, where N(v) denotes the open neighborhood of v € V. A

labeling f is lucky if s(v) # s(u) for every pair of adjacent vertices u and v.

Theorem 2.0.0.2. The Triangular Snake TS,, with n > 2 is Lucky Graph with n(TS,,) =
A(TSy) =2
5l =

Proof. Let f:V(TS,) — {1.2} be defined by following 2 cases
case(i) n = even

Labeling part:

_ I, iodd
Slug) =

2, ieven

11
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12 LUCKY LABELING OF GRAPHS

&
.
Il
=

4, i=1i>2,i>n,ieven
(1) = <

S, i=2

6., i>1,iodd

Therefore T'S, with n > 2 is Lucky Graph with n(T'S,) = 2 for even n.
case(ii) n= odd

Labeling Part:

l. i>n,iodd
Sflug) =

2. i=n,ieven
1, .i>1

fw) =
2, i=n

Sum of the Labels of the adjacent vertices

3 i=n

4, i>2i<n-—1,i=1,ieven
s(u;) = <
5 i=2n-1

6, 1<i<n, iodd

“
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14) 2(5) 1(6) 2(4) 1(6) 2(4) 1(6) 2(4) 1(6)
Figure 2.1: Lucky triangular Snake Graph 7S¢

5(1',‘) =

Therefore TS, with n > 2 is Lucky graph with n(7'S,) = 2 for odd n.
Hence T'S,, with n > 2 is Lucky graph with
N(T5a) = 250l

Theorem 2.0.0.3. The double triangular snake DTS, with n > 2 with n(DTS,)

A( IJT:;SH ) =5

Proof. Let f:V(TS,)— {1,2}
case(i) n = even

Labeling Part:

1, i=2.i=n.iodd
Sluj) =

2, 2<i<n,ieven

flvi)=1
flwi) =1

Sum of the Labels of the adjacent vertices

31

202)
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14 LUCKY LABELING OF GRAPHS

3 i=1
4 i=n
s(ui) =46, i<n.ieven

7, i=3,n-1

8, i>3ji<n-1,iodd

2, i=12n 2, i=1L2n
s(vi) = s(wi) =

3, 2<i<n 3, 2<i<n

Therefore forn > 2, n(DTS,) = 2 foreven n
case(ii) n = odd
Labeling Part:

1, i=2,iodd
Slu;) = flv) =1
2, i>2,ieven
flwi)) =1

Sum of the Labels of the adjacent vertices:

8

6, ieven
s()=<7 i=3

8. i>3i<n—1,iodd

“

2, i=12
$(v) = <

3 02

‘

2 =12
s(w;) = ¢

L"i i>2

32



1(2) 1(2) 1(3) 1(3) 1(3) 1(3) 1(3) 1(3) 1(2)
® ) /\ ® @ B ® @ &
.
/ \"
. / \ /
6® E® m® 2e®  @e®  26® iwe® 2% m® e
[ ] E S ] @ & & @ @®
1(2) 1(2) 1(3) 1(3) 1(3) 1(3) 1(3) 1(3) 1(2)
Figure 2.2: Lucky Double triangular snake graph DTS,
Therefore the sum of the labels of the adjacent vertices are distinct
Therefore for DTS, with n > 2, n(DTS,) = 2 for odd n.
Hence for DTS, withn > 2, n(DTS,) = Q?h=2 O

Theorem 2.0.0.4. The alternate triangular snake graph AT S,, with n > 4 is Lucky graph
with N(ATS,) = A(ATS,)-1=2

Proof. Let f:V(ATS,) — {1,2} be defined by
Labeling Part:

. i#3,i=n,iodd
flui) =

2, I=3istn icven

f(vi) =2

R

Sum of the Labels of the adjacent vertices:

33
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LUCKY LABELING OF GRAPHS

2(3) 2(4) 2(3) 2(3) 2(2)
® /0\ ® ® ®
® ° / \. o & ] ] @ £
1(4) 2(5) 2(6) 2(5) 1(6) 2(4) 1(6) 2(4) 1(8) 1(3)
Figure 2.3: Lucky Alternate triangular snake graph AT'S
i
3. i=n
4, i>4i#ni=1,ieven
8(s) =«
5, i<4,i=n-1,ieven
(6. i>Li<n—1,iodd
'
2, i=3
s(vi)=43, i#£%i#2
4, 1=2
“
Therefore for ATS, with n > 4, n(ATS,) = A(ATS,) -1
Therefore the sum of the labels of the adjacent vertices are distinct
El

Theorem 2.0.0.5. The Double alternate triangular snake graph DATS,, with n > 2 is

Lucky graph with n(DATS,) = 2245n) —

2

Proof. Let f : V(DATS,) — {1,2} be defined by

Labeling Part:

flu) =

”

34

i=2,iodd

i>2,ieven



12) 1(3) 1(3) 13)
b b bd
139® @® 1% 3 i6® 2® % 2a®  ie®
. . ® ®
1(2) 1(3) 1(3) 1(3)

Figure 2.4: Lucky double alternate triangular snake graph DAT S,

flw) =1
flwi) =1

Sum of the Labels of the adjacent vertices:

3, i=1ln

4, i< n,ieven 2. =1
sln;) =< s(vi)=

5, eveni=3 3, i>1

\6. i>3,iodd

s(wi) =

Therefore the sum of the labels of the adjacent vertices are distinct

Therefore for DAT'S,, with n > 2, n(DATS,) = 2250 — 3

., 2(3)

17

1(3)
*

B

v
13)

O

Theorem 2.0.0.6. The quadrilateral snake QS, with n > 1 admits Lucky labeling with

lucky number n(QS,) =2

35



18 LUCKY LABELING OF GRAPHS

13) 12) 12y 13 13) 12 12) 13 13 1) 12 13)
e o o o o o o o o o o o

° . ° P ° ° °
2(2) 1(6) 2(4) 1(6) 2(4) 1(6) 2(2)

Figure 2.5: Lucky quadrilateral Snake Graph 0S5

Proof. let f:V(QS,) — {1.2} be defined by
Labeling Part:

. I, ieven
flu) =
2, iodd

Sflvi)=1

Sum of the Labels of the adjacent vertices:

i

2, i=1l,i=oddn

3, i=evenn
s(u;) =
4. 1l <i<n,iodd

6. i<n, ieven
\

forke N

2

i=4k—1,4k-2
s(vi) =

fad

i =4k, 4k -3

Therefore sum of adjacent vertices are not same.

Therefore for QS, withn > 1, n(QS,) =2 O

36
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Theorem 2.0.0.7. The double quadrilateral snake graph DQS,, with n > 1 admits Lucky
labeling with lucky labeling Number n(DQS,) = 2

Proof. Let f:V(DQS,) — {1,2} be defined by
case(i) n = even

Labeling Part:

- l. ieven
flug) =
2, iodd
I, ipk2
flvi) =«
2, i=2
p
_ 1, i#2
flwi) =<
2, i=2

Sum of the labels of the adjacent vertices:

slup) =3
s(up) =4

¢

6. i>1,iodd

s(i)=48. n>i>2 ieven

10, i=2
\
forke N
2, i=4k—1,4k-2

s(vi) =3, i=4k4k—3,i#

4. i=1

37



20 LUCKY LABELING OF GRAPHS

.

2, i=4k—1,4k-2
s(wi)=143, i=4kdk-3,i#1
4, i=1

The DQS,, with n > 1 for n=even has n(DQS;) = 2.

case(ii) n = odd Let f : V(DQSn) — {1,2} be defined by
Labeling Part:

1, ieven
flu;) =
2, iodd
1, i#2,n—-1
fvi) =4
2, i=2.n-1
hf
1, i#2,n-1
flw;) =<
2, i=2n-1

Sum of the labels of the adjacent vertices:

s(up) =3
s(up) =3
6, oddn>i>1,

s(ui) =< 8. even2<i<n-—1

10, i=2.n—-1
" forke N

38



04) 2(2) 12) 13 13) 120 U2 13 13 12 2(2) 1(4)
® ¢ o o o o o o o o o o

1 1 1
! J | |

L

i) " 26) TN 20) " (10" 20

2(3) <

# . { \ { \ /

e © o o o o o o o o o o
1(4) 2(2) 12) 13) 13) 12) 112) 13) 13) 12) 2(2) 1(4)

Figure 2.6: Lucky Double quadrilateral Snake Graph DQS~

2, i=4k—1,4k—2,i#n
s(vi)=43, i=4k,4k—3,i#1,n
4, i=1.n

2, i=4k—1,4k—2,i#n

s(wi) =143, i=4k,dk—3.i#1,n

4, i=n,l

\

The DQS,, with n > 1 for n=0dd has n(DQS§,) = 2.

Hence for the double quadrilateral snake DQS,, withn > 2, n(DQS,) =2 O

Theorem 2.0.0.8. The alternate quadrilateral snake graph AQS, with n > 1 admits

Lucky Labeling with lucky Number n(AQS, )=2

Proof. Let f:V(AQS,) — {1,2} defined by
Labeling Part:

I, iodd
flu;) =

2, ieven

39



22 LUCKY LABELING OF GRAPHS

22)  14) 22) 14) 22) 14 22) 14
—e —= —= —

. ® ° ® o ® . ®
1) 203) 1(6) 2(3) 1(6) 23) 1(6) 22)

Figure 2.7: Lucky Alternate quadrilateral Snake Graph AQSy

1, ieven
fvi) =
2, iodd
Sum of Labels of neighbour vertices:
2, i=n
3, i<n,ieven
s(u;) =
4, i=1
6, i>1,iodd
2, iodd
s(vi) =
4, ieven

Therefore sum of adjacent vertices are not the same.
Therefore for n > 1 N(AQS,) = 2.
Therefore for AQS, with n > 1 has n(AQS,) =2 O

Theorem 2.0.0.9. The double alternate quadrilateral snake graph DAQS, withn > 1
admits Lucky Labeling with lucky Number 1n(DAQS,)=2

Proof. Let f: V(DAQS,) — {1,2} defined by
Labeling Part:

40



2(2)y  U4) 2(2)  1(4)
[ ] ® ® °
® ] ® »
16) 2(4) 1(8) | 2(4y
o o e o
2(2)  14) 2(2) 1(4)

2(2)  14) 2(2
e o o
® ® .
1(8) | 2(4) 1(8) |
o o &
22)  1(4) 2(2)

Figure 2.8: Lucky double alternate quadrilateral Snake Graph DAQSg

Sluw) = <

fvi) = o

flwi) =<

Sum of Labels of neighbour vertices:

s(ug) = S

s(wi) = { 3.

I, iodd
2, ieven
I, ieven
2, iodd
1, ieven
2, iodd
i=n
i <n,ieven
|
i>1,iodd
2. iodd
4, ieven
i=n—1

i#n—1,iodd

i even

41
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24 LUCKY LABELING OF GRAPHS

Therefore sum of the adjacent vertices are not the same.
Therefore for n > | n(DAQS,) = 2.
Therefore for DAQS,, with n > 1 has n(DAQS,,) = 2 O

Theorem 2.0.0.10. The mxn dimensional bloom graph B, , admits lucky labeling and

N(Bmn) =2, wherem > 5 and n > 3.

Proof. Since the bloom graph is 4-regular (B, ) # |

Case 1:When n is even.

Label the vertices in first row as 1 and 2 alternatively, without loss of generality (0,0)
is assigned 1,(0,1) is assigned 2 and so on. Similarly label the m™ row as 1 and 2
alternatively, without loss of generality (m — 1,0) is assigned 1, (m — 2,0) is assigned
2 and so on. Label the vertices in k™ row as 1 when k is odd and as 2 when k is even,
2<k<m-1L

Subcase(i): When m is even

The vertices in the first row will have the neighbourhood some as 8 and 6 alternatively
i.e. 5(0,0) =8, 5(0,1) =6, and so on. All the vertices in the second row attains the
neighbourhood sum as 5, i.e. s(1,j) =5,0< j <n— 1. All the vertices in the second
row attains the neighbourhood sum as 8 when kis odd i.e. 5(2i,j) =8 when 1 <i < ﬂ'w,:—"

and 0 < j < n— 1. All the vertices in the k™ row attain the neighbourhood sum as 4 when

kiseveni.e. s(2i+1,j)=4when1 <i< ’"54 and 0 < j < n— 1. All the vertices in the
(m — 1)™ row attains the neighbourhood sum as 7 i.e. s(m—2,/) =7,0< j<n—1. All
the vertices in the m™ row will have the neighbourhood sum as 6 and 4 alternatively i.e.
s(m—1,0) =6, s(m—1,1) =4, and so on. It is evident that no two vertices have equal
neighbourhood sum.

Subcase(ii): When m is odd

The vertices in the first row will have the neighbourhood sum as 8 and 6 alternatively

i.e. 5(0,0) =8, 5(0,1) =6, and so on. All the vertices in the second row attains the

42
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- ~ ~

2167

1(8)

Figure 2.9: Lucky labeling of Bg g

Y B

Figure 2.10: Lucky labeling of B7 4

43



26 LUCKY LABELING OF GRAPHS

neighbourhood sum as 5 i.e. s(1,j) =35, 0 < j <n— 1. All the vertices in the k' row
attains the neighbourhood sum as 8 when k is odd i.e. s(2i,j) =8 when 1 <i < "‘T_" and
0 < j < n—1. All the vertices in the X' row attains the neighbourhood sum as 4 when
kisevenie. s(2i+1,j) =4when | <i< m-3 and 0 < j < n— 1. All the vertices in

the (m — 1)™ row attains the neighbourhood sum as 5 i.e. s(m—2,j) =5,0< j<n—1.

All the vertices in the m™ row will have neighbourhood sum as 8 and 6 alternatively i.e.
s(m—1,0) =8, s(m—1,1) = 6 and so on. It is evident that no two vertices have equal
neighbourhood sum.

case (ii)When n is odd and m is odd.

Label the vertices in first row as 1 and 2 alternatively, i.e. (0,0) is assigned 1, (0.1) is
assigned 2 and so on. In the second row, label the first three vertices as 2 and the rest
as lie. (1,0)—2,(1,1)—=2,(1,2) > 2and (i,j) = 1 where 3 < j<n-1. In the
(m— 1) row, label the last three vertices as 2 and the rest as 1 i.e. (m— 2,j) — 1 where
0<j<n—-4and (m—2,n-3) =2, (m—2,n-2) =2, (m—2,n— 1)rightarrow?2
ie. m—2,j)—> 1where0< j<n—4and (m—2,n—-3)—=2, (m—2,n-2) =2,
(m—2,n—1) — 2. Label the m™ row as 1 and 2 alternately, i.e. (m— 1,0) is assigned 1,
(m—1.1) is assigned 2 and so on. For the remaining vertices, label the vertices in k"
row as 1when k is odd and as 2 when & is even, 3 < k < m — 2. It is evident that no two
vertices have equal neighbourhood sum.

Hence B,, , admits lucky labeling with n(B,,,) =2

case (iii)When n is odd and m is even.

Label the vertices in first row as 1 and 2 alternatively, 1.e. (0,0) is assigned 1, (0.1) is
assigned 2 and so on. In the second row, label the first three vertices as 2 and the rest
as lie. (1,0)—=2,(1,1)—=2,(1,2) > 2and (i,j) > 1 where3 < j<n-—1. Inthe
(m — 1)™ row, label the last three vertices as 1 and the rest as 2 i.e. (m —2, j) — 2 where
0<j<n—4and (m—2,n—-3)—=1,(m—2,n—-2) = 1, (m—2,n— 1)rightarrowl.

Label the m™ row as 2 and 1 alternately, i.e. (m— 1,0) is assigned 2, (m—1,1) is

44
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2(6)

2(06)

1(8)

1(8)

(15)

2(

3)

2(H)

2(p)

Figure 2.11: Lucky labeling of By 7
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Figure 2.12: Lucky labeling of Bg 7
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28 LUCKY LABELING OF GRAPHS

assigned 1 and so on. For the remaining vertices, label the vertices in k' row as 1 when
k is odd and as 2 when k is even, 3 < k < m — 2. It is evident that no two vertices have
equal neighbourhood sum.

Hence B,, , admits lucky labeling with n(8,,,) =2 O

Theorem 2.0.0.11. n(K,,) = n

Proof. LetV(K,) = {vi,v2.....v, }. Label v; with i for i varies from 1 to n.

. -1 ¥
s(vi) =Lj=12iJ = alntl) _j;

For i # j, S(vi) # S(v;j).

Hence it is Lucky labeling of K, and lucky number of K, is less than or equal to n.
Suppose there exists a lucky labeling with maximum label strictly less than n. In that
case at least one label must be repeated.

Let f(v;) = r= f(v2). Then f(v|) = ¥;_3 f(v;) + r = S(v2), which is a contradiction.

Therefore n(K,) =n O

46



Chapter 3

PROPER LUCKY LABELING

Theorem 3.0.0.1. The triangular snake TS, with n > 2 is proper lucky graph with

qp(TSn} — Q(TS;;J -1=3.

Proof. Let f :V(TS,) — {1,2,3} be defined by
Labeling Part:

) 1, iodd
Slug) =

2, ieven

f(vi))=3

Sum of the Labels of the adjacent vertices:

4, neven
slug) =
5, i=1l,n,nodd
8. i < nieven
s(w;) =

10, n>i>1liodd

29
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30 PROPER LUCKY LABELING

3(3) 3(3) 3(3) 33) 3(3) 3(3) 33) 3(3) 3(3)

.. 3 //\ ® ._p . .-_ :o. .
@ . df—\ ° . . ° . °

1(5) 2(8) 1(10) 2(8) 1(10) 2(8) 1(10) 2(8) 1(10) 2(4)

Figure 3.1: Proper Lucky triangular Snake Graph DT S
3(3) 3(3) 3(3) 3(3) 3(3) 3(3) 3(3) 33) 3(3)
@ ® e E] @

s 2 ° ®
/\

0% 24® 1ie®  204®  wie® 24® iae®  2w®  1e®  2n®

® @ - ® P = @ ° ®
3(3) 3(3) 3(3) 3(3) 3(3) 33) 3(3) 3(3) 33)

Figure 3.2: Proper Lucky double Triangular Snake Graph DT S,

s(v;)=3

Therefore for TS, with n > 2, proper lucky graph with n(78,) = A(TS,) — 1

Therefore the sum of the labels of the adjacent vertices are distinct O

Theorem 3.0.0.2. The Double Triangular Snake graph DT S,, with n > 2 is proper lucky

graph with 1,(DTS,,) = w =3

Proof. Let f:V(ATS,) — {1,2,3} be defined by
Labeling Part:

1, iodd
flu;) =
2, leven
fvi)=3
flw;) =3

48



Sum of the Labels of the adjacent vertices:

7. neven

8. i=I1nodd
s(u) = 4
14, i< n,ieven

16, 1<i<n, iodd
s(w;) =3

Therefore for DTS, with n > 2, 1,(DTS,) = éﬂ-’iﬁ"—} =3

Therefore the sum of the labels of the adjacent vertices are distinct

31

O

Theorem 3.0.0.3. The alternate triangular snake graph ATS, with n > 4 is properly

lucky Graph with 1,(ATS,) = A(ATS,) +1 =4

Proof. Let f:V(ATS,) — {1.2,3.4} with n > 4 is proper lucky graph with 1,(ATS,) +

1 = 4 be defined by
Labeling Part:

I, iodd

flu;) =42, i#n.ieven

4, i=n

fw)=3

Sum of the Labels of the adjacent vertices:

49



52 PROPER LUCKY LABELING
3(3) 33) 3(3) 33) 3(6)
@ ® ™ @ ™
S % \
LN
f/ \\\ \

© E . @ ™ ° ® © ®
2(4) 1(7) 2(5) 1(7) 2(5) 1(7) 2(5) 1(7) 2(8) 4(5)

Figure 3.3: Proper Lucky Alternate triangular Snake Graph AT Sy

4, i=4

5, i=nl<i<n-—1,iodd
s(uwj) = <

7. i<n,ieven

8, i=n-1

3, i
sl i#n

6, i=n
Therefore for ATS, with n > 4, n,(ATS,) = A(ATS,) +1=4
Therefore the sum of the labels of the adjacent vertices are distinct

O

Theorem 3.0.0.4. The double alternate snake DATS,, with n > 2 is proper lucky labeling
with 1,(DATS,) = A(ATS,) —1=3

Proof. Let f:V(DATS,) — {1,2,3} withn > 2 is proper lucky graph with 1,(DATS,,) —
1 = 3 be defined by
Labeling Part:

{
1, eveni<n

flui) =142, iodd

3. i=n

50
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3(3) 3(3) 3(3) 3(3) 1(5)
® e ® @ ®
/ \
/ N
.l)l \
.. }
2n®1(10)® 2% o®  2e®  o®  2e®  110®  26®  39®

@ ) o @ -
3(3) 3(3) 3(3) 3(3) 1(5)

Figure 3.4: Proper Lucky Double Alternate Triangular Snake Graph DAT S

—

.
I

bHE

(o
b L)
A
=

—

—
|

ral3

~
—
=
—
Il
p—
fad
-~
A
(ST

s(u)) =47, i=1

8, oddi>li<n-—1

10, eveni<n

3, i<§
$(n) = |

5 i=3%

| 2

3, i<}
s(w;) = ¢ =

5, i=3
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34 PROPER LUCKY LABELING

Therefore the sum of the labels of the adjacent vertices are distinct

Therefore for DATS,, with n > 2, 11,(DATS,,) = A(DATS,) — 1 =3

Theorem 3.0.0.5. The Ladder Graph L, for n > 1 is proper Lucky with n,(L,) = 2.

Proof. Let f:V(G) - {1,2} for a ladder graph L, for n > 1 be defined by,

_ 1, 7odd
Slu;) = <
2, ieven
.
I, jeven
f(v) =4
2, jodd
JZ. neven
slay) =
4., nodd
\
2. nodd
s(by) = 4
4, neven

3, eveni<n
s()=4q4, i=1

6. 3<i<noddi

2, i=1

s(vi)=43. 3<j<n,oddi

6, evenj<n

The minimum value of V(G) is 2. Therefore it is proper lucky n,(Ly) = 2.
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1(4) 2(3) 1(6) 2(3) 1(4)
e o e e o
® ® ® o ®
2(2) 1(6) 2(3) 1(6) 2(2)

Figure 3.5: Proper lucky ladder graph Ls

Theorem 3.0.0.6. The Open ladder graph OL,, for n > 2 is Proper Lucky with 1,(OL,,) =

2.

Proof. Let f :V(G) — {1,2} for a ladder graph OL;, for n > 2 be defined by,

4

I, iodd
Sflug) =
2. ieven
¢
1, Jjeven
Sfvj) =«
L2. jodd
l. neven
s(an) = ¢
L.‘1. n odd
1, nodd
s(bn) = <
2, neven
P “
2, i=l

s(u;) =93, eveni<n

6. 3<i<n,iodd

1, i=1

s(vi)=43, 3<j<n, oddj

6, j<n,evenj
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1(2) 2(3) 1(6) 2(3) 1(2)
L L] L
L] ® @
2(1) 1(6) 2(3) 1(6) 2(1)

Figure 3.6: Proper lucky Open ladder graph OLs

The minimum value of V(G) is 2. Therefore it is proper lucky n,(0OL,) = 2.

O

Theorem 3.0.0.7. The Slanting Ladder Graph SL, for n > 1 is proper Lucky with

Np(SLy) = 2.

Proof. Let f:V(G) — {1,2} for a ladder graph SL;, for n > | be defined by ,

flu) = ¢

“

s(u;) = 4 4,

54

4,

i odd
i even
J odd
j even
neven
n odd

neven

n odd

i <n,ieven

i=1

J<i<n. iodd
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14 209) 16) 29 106)  2(1)
o e . * o ®
® ‘e * o o @
1(2) 2(3) 1(6) 2(3) 1(6) 2(2)

Figure 3.7: Proper lucky Slanting ladder graph SLg

2, i=|

s(vi) =43, j<n,jeven

6, 3<j<n,jodd

.

The minimum value of V(G) is 2. Therefore it is proper lucky 1,(SL;) = 2.
O

Theorem 3.0.0.8. The Triangular ladder graph TLy for n > 1 is proper lucky with
Np(TLy) = 3.

Proof. Let f:V(G) — {1,2,3} for a ladder graph TL,, for n > 1 be defined by,

rJ'(GEN
1, i=3k—1

fl)) =<2 i=3k-2

3, i=3k

fm)=142, j=3k-1
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2(4) 1(10) 3(6) 2(8) 1(7)
3(5) 2(8) 1(10) 3(6) 2(4)

Figure 3.8: Proper lucky Triangular ladder graph T'Ls

3, n=3k-2
s(bn) =44, n=3k-1
5 n=3k
4, i=1
6., i=3ki<n
.'5'("',):<
8, i=3-2,4<i<n
Ll(]. i=3k-1,i<n

s

s(vj) =«

The minimum value of V(G) is 3.

6,
=

8,

J=3k—-2and4 < j<n
i=1

j=3k—land j<n

\10. j=3kand j<n

Therefore it is proper lucky np(7Ly) = 3.
O

Theorem 3.0.0.9. The Open Triangular Ladder graph TL,, for n > 2 is proper lucky with

np(OTLn} =3

Proof. Let f:V(G) — {1,2,3} for a ladder graph OT L, for n > 2 be defined by,
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1(2) 2(8) 3(6) 1(10) 2(4)

o
3(3) 1(10) 2(8) 3(6) 1(3)

Figure 3.9: Proper lucky open ladder graph OT Ls

l, i=3k-2

kEN flui)) =92, i=3k-1
3, i=3k
rI Jj=3k-2

Fvi)=<2, j=3k

slan) =44, n=3k+2
5, n=3k+1
1, n=3k

s(bn) =42, n=3k+1

3, n=3k+2

(&)

i=1
6, i=3ki<n

8, i=3%-1,i<n

10, i=3k—-1,4<i<n

57
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The minimum value of V(G) is 3. Therefore it is proper lucky n,(OTL,) = 3.

j:

PROPER LUCKY LABELING

i=1

k-2,4<j<n

j=3k-1,j<n

| 10, j=3k. j<n

O

Theorem 3.0.0.10. The Diagonal Graph DL, for n > 1 is proper lucky with 1,(DL,) =4

Proof. Let f:V(G) — {1,2,3,4} foralad

i

Sflug) = <

flv) =9

slay) = ¢

s(bp) = <

9

s(;)

s(vj) = ¢

58

der graph DL, for n > 1 be defined by ,

1. iodd

2, ieven

3, jodd

4, jeven

8, neven

9, nodd

6, neven

7, nodd

i=1
2<i<n,ieven

3<i<n,iodd
i=1
2< j<n, jeven

3<j<n,jodd
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1(9) 2(12) 1(15) 2(12) 1(9)
3(7) 4(10) 3(13) 4(10) 3(7)

Figure 3.10: Proper Diagonal ladder graph DLs

The minimum value of V(G) is 4. Therefore it is proper lucky 1n,(DL;) = 4.

Theorem 3.0.0.11. The Open diagonal ladder graph ODL,, for n > 2 is proper lucky
with 1,(ODL,) = 4.

Proof. Let f:V(G) — {1,2,3,4} for a ladder graph ODL,, for n > 2 be defined by,

1, ieven
flu) =
2. iodd
1, j=1

f(vj) =43, jeven

4, j<1,jodd

.

]

10, i=2
s(u) = 4
13. 3<i<n,iodd

14, 4<i<n,ieven
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1(5) 2(10) 1(14) 2(13) 1(5)
1(5) 3(9) 4(11) 3(12) 4(5)

Figure 3.11: Proper Open Diagonal ladder graph ODLs

p

5. j=VLn
9, j=2

11, 3<j<n,jodd

h12, 4< j<n,jeven

The minimum value of V(G) is 4. Therefore it is proper lucky 1n,(DL,) = 4. O

Theorem 3.0.0.12. The Quadrilateral Snake QS,, with n > | admits proper lucky labeling
with proper Lucky Number 10,(0S,)=3.

Proof. let f:V(0S,) — {1.2,3} be defined by,
Labeling Part

1, iodd
flu) =

3, ieven
keN

1, i=4k—=1,4k-2
f(vi) =
2, i=4k4k-2

Sum of the labels of the adjacent vertices:
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2(2) w5 15 22) 22) 15 1) 2(2) 22) U5 U5 2(2)
e e o o o o o o o o o o

e ® w » ® ® »
1(5) 3(4) 1(10) 3(4) 1(10) 3(4) 1(5)

Figure 3.12: Lucky Double quadrilateral Snake Graph DQS

s(uy) =5
2, neven
s(up) =
5, nodd

, 4, eveni<n,
s(uj) =
10, oddi>1l,i<n
forkeN

2, i=4k4k-3
s(vi) =
5, i=4k-1,4k-2

Therefore the sum of the adjacent vertices and adjacent labeling are not the same. Hence

QS,, with n > 1 for n odd has 1,(0S,) = 3.

O

Theorem 3.0.0.13. The Double quadrilateral Snake Graph DAQS,, with n > 1 for odd n

admits Lucky labeling with lucky labeling Number n,(DQS,) = 2

Proof. Let f:V(DQS,) — {1,2} be defined by
Labeling Part

1. ieven
Sflui) =
2, iodd
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104)  2(2) 22) 114) 14) 22) 22) 14 14) 2(2) 22) 1(4)
o o o o o o o o o o o

2(3) .'-. 12)? 2(6) . 1(12}’. ' 2(6) . 1i2)® 2(3)]
e © o o o o o o o o o o
14)  2(2) 22) 14 14) 220 2(2) 1(4) 14 22) 22) 1(4)

Figure 3.13: Lucky Double quadrilateral Snake Graph DQS7

l, i=4k 4k-3

filw) =
2, i=4k—1.4k-2
|1, i=4kak-3
flwy) =
2, 4k—1.,4k-2

Sum of the labels of the adjacent vertices:

" forke N
3. i=1l.n

s(ui) =46, 1<i<n,iodd
12, ieven

2, i=4k4k-3

4, i=4k—1,4k-2
2, i=4k4k-3

s(wi)=<4, i=4k—1,4k-2

4, i=1
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The DQS, with n > 1 for n odd has 1,(DQS,) = 2.
Hence for the Double Quadrilateral Snake DQS,, with n > 2, n(DQS,) =2 O

Theorem 3.0.0.14. The Double quadrilateral Snake Graph DAQS, withn > 1 for n even
admits proper Lucky labeling with lucky labeling Number 1,(DQS,,) = 3

Proof. Let f:V(DQS,) — {1,2,3} be defined by
case(i) n even

Labeling Part

I, ieven
flw) =
2, iodd

keN
I, i=4k4k—3i#2n—-2

fvi)=42, i=4k—1,4k—2i#2n-2
3, 2n-2
1, i=4k—1,4k—=2i#2n-3
Ji)=142, i=4k—1,4k-2i#2n-2
3, 2n-2

-

Sum of the labels of the adjacent vertices:

i

3 g=1

6 oddi > 1
s(u) = <

8 i=n

\12. eveni <n
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forke N
2, i=4k—-1,4k-2,i#2n-3

s(vi)=144, i=4k4k—3,i#2n-3
5, i=2n-13
2, i=4k—1,4k—2,i#2n-3

s(wi)=1(4, i=4k.dk—3,i#1

5. i=2n—-3

.

The DQS,, with n > 1 for n even has n(DQS,) = 2. case(ii)n odd Let f: V(DQS,) —+
{1.2} be defined by

Labeling Part
I, ieven
flui) =
2, iodd
1, i#2,n-1
f(vi) =
2, i=2n-1
“
1, i#2,n-1
fwi) =3
2, i=2n-1

.

The DQS,, with n > 1 for n even has n(DQS,) = 2.
Hence for the Double Quadrilateral Snake DQS,, with n > 2, 1,(DQS,) = 3 O
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14) 2(2) 2(2) 14) 14) 2(2) 2(2) 14) 165) 3(2)
® o o o o o o o o o

i

2(3) ‘\__ 1(12)’ 2(6) ‘ 1(121:.-'.;'_ 2(6) ", 1{3}__.-.

!

3
".

e e © e o o o o o o
1) 2(2) 22 14) 14 22) 22 14 15 3@

Figure 3.14: Lucky Double quadrilateral Snake Graph DQSg

Theorem 3.0.0.15. The mxn dimensional bloom graph B, , admits proper lucky labeling

and Np(By,,) = 3, where m.n > 3.

Proof. Case(i)When n and m are both even.

Label the vertices in first row as 1 and 2 alternately, without loss of generality (0,0)
is assigned 1, (0,1) is assigned 2 and so on. Similarly label the m™ row as 2 and 3
alternately, without loss of generality (m —1,0)) is assigned 2,m — 1,1 is assigned 3
and so on.Label the vertices in k™ row as 1 when k is odd and as 3 when k is even,
2 < k < m— 1. We notice that the vertices in the first row will have the neighbourhood
sum as 10 and 8 alternately i.e, (0,0) = 10 ,(0,1) = 8, and so on.All the vertices in
the second row attains the neighbourhood sum as Si.e, (1,/)=5,0<j<n—1. All
the vertices in the k™ row attains the neighbourhood sum as 12 when k is odd i.e,
(i, j) = 12 when 1<i< 'ﬂ-'._;'—“ and 0 < j < n— 1. All the vertices in the ™ row attains
the neighbourhood sum as 4 when k is even i.e, (2i+1,j) =4 when 1<i< ”7_4 and
0 < j<n—1. All the vertices in the (m — 1)™ row attains the neighbourhood sum
as 11 i.e (m—2j) = 11,0 < j<n—1. All the vertices in the m™ row will have the
neighbourhood sum as 8 and 6 alternately i.e, (m—1,0) =8 ,(n—1,1) = 6, and so on,
It is evident that no two adjacent vertices have equal neighbourhood sum. case(ii)When

n is even and m is odd
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1(10 1(10) 2(8) 2(8)
3(p) 3(p) 5 3p)
112 1J12) 1(J12) 1(j12)
() "‘\ 3T 3(H) 3(B) 3(H)
1(J12) 1(i2) 1(i12) 1(j12)
3¢ ) 3 3
(il (1) 1(ji1) 1)
2(B) 3(p) () 3(p)

Ly

Figure 3.15: Proper Lucky labeling of Bg ¢

Label the vertices in first row as 1 and 2 alternately ,without loss of generality (0,0) is
assigned 1, (0. 1) is assigned 2 and so on.Similarly label the m™ row as 1 and 2 alternately,
without loss of generality (m — 1,0) is assigned 1,m-1,1 is assigned 2 and so on. Label
the vertices in k™ as 1 when k is odd and as 3 when k is even, 2 < k < m — 1. Itis evident
that no two adjacent vertices have equal neighbourhood sum. case(iii)When »n is odd and
m is odd.

subcase(i)When m =0 (mod 3) 0

Label the vertices in first row 1 and 2 alternately and the '™ column as 3 without loss
of generality (0,0) is assigned 1, (0, 1) is assigned 2 and so on and (0,m) is assigned
3.Similarly label the m™ row the first column as 3 and remaining column as 1 and 2
alternately. without loss of generality (m — 1,0) is assigned 3,(m — 1. 1) is assigned 1
and (m — 1,2) is assigned 2 and so on. Label the vertices in (3k — 1)™ row as follows:
The First column is assigned as 2 and the last column is assigned as |1 and the rest of

the column as 3, 1 < k < m — 2.Label the vertices in (3k)™ row as follows:The first
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1(10) (10) 2(8) 110y 2(8) 2(8)

3(p) 25D
[

S 5)

"\\ M~ -— p
2 b2 2
(1) L <2 <) \.I.LEE)\\.LLEQ UEN?,

Figure 3.16: Proper Lucky labeling of B g

column is assigned as 3 and the last column is assigned as 2 and the rest of columns
as 1,1 < k < m— 2.Label the vertices in (3k + l)"‘ row as follows:The first column
is assigned as | and the last column is assigned as 3and the rest of the column as
2.1 <k < m~—2.1Itis evident that no two adjacent vertices have equal neighbourhood
sum.

subcase(ii)when m = 0 (mod 3) |

Label the vertices in first row as 1 and 2 alternately and m™ column as 3 without loss
of generality (0,0) is assigned 1, (0,1) is assigned 2 and so on and (0,n) is assigned
3.Similarly label the m™ row the first column as 1 and remaining column as 2 and 3
alternately. without loss of generality (m— 1.0) is assigned 1, (m— 1, 1) is assigned 2 and
(m—1,2) is assigned 3 and so on. Label the vertices in (3k — 1) rows as follows: The
first column is assigned as 2 and last column is assigned as 1 and the rest of the columns
as 3, 1 <k < m — 2.Label the vertices in (3!:)lh rows as follows:The first column is
assigned as 3 and the last column is assigned as 2 and the rest of the columns as 1,
| < k < m— 2.Label the vertices in (3k + 1)™ row as follows:The first column is assigned
as | and the last column as 3 and the rest of the columns as 2,1 < k < m — 2. Itis evident

that no two adjacent vertices have equal neighbourhood sum.
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3(6)

)

-
-

* ¥ - Y Ty ¥

Figure 3.17: Proper Lucky labeling of By 3

subcase(iii) When m = 0 (mod 3) 1
Label the vertices in first row as 1 and 2 alternately and the n™ column as 3 without loss
of generality (0,0) is assigned 1, (0, 1) is assigned 2 and so on and (0,n) is assigned
3.Similarly label the (m — 1)™ row the first column as 2 second column as 3 and remaining
column as 1 and 2 alternately.without loss of generality (m — 1,0) is assigned 2, (m—1,1)
is assigned 3 and rest of the column is assigned as 1 and 2 alternately. (m—)™ rows is
assigned as follows the first column as 1 and second column as 2 and the rest of the
columns as 3. (m—)"™ row is assigned as follows: the first column as 1 second column
as 2 and the rest of the column as 3.Label the vertices in (3k — 1) row as follows:The
first column is assigned as 2 and the last column is assigned as | and the rest of the
columns as 3, 1 < k < m — 3.Label the vertices in (3k)™ row as follows:The first column
is assigned as 3 and last column is assigned 2 and rest columns as 1,1 <k < m — 3. Label
the vertices in (3k + 1)™ row as follows: The first column is assigned as | and the last
column is assigned 3 and the rest of the column as 2,1 < k < m — 3.1t is evident that no
two adjacent vertices have equal neighbourhood sum. case(iv)When m is odd and n is

even.
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2(H)

3

1C jO)

)

3(6)
o 1( jO)

1) (5

2(€1) ()

-

\{3} { oy
[R5 (q)

(H) 3

Figure 3.18: Proper Lucky labeling of B7 7

1(10) LRy awat)) TRy tetey 248 3(6)
2(8) ) . (I (9 (0
3(q ) 1(j0) 1(11) 2(4)
L .
1 10) ) 2(4) () 3(!‘.)
2 :-1) = ﬁ) ( L(1)
-
3(6) o) (1) 11 2(%)
L p
"\

o -
1(40) < \Qﬁj) {ﬁ')
2( 2 (&) )
hﬁmh - p
3(q) 112) 112) (1j2) )
k‘mkﬁHHJJHLH_ = "
1(1j0) = . (P 3(H 3(q)
3
2( = 10) 3D (1j0)

Figure 3.19: Proper Lucky labeling of By, 7
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3(

1(10)

2(

3(

Figure 3.20: Proper Lucky labeling of Bg 7

subcase(i)When m = 0 (mod 3) 0.

Label the vertices in first row as 1 and 2 alternately and the n'® column as 3 without loss
of generality (0,0) is assigned 1, (0, 1) is assigned 2 and so on and (0. n) is assigned 6.
Similarly label the m™ row as the first column as 3 and remaining columns as 1 and 2
alternately without loss of generality (m — 1.0) is assigned 3 ,(m— 1, 1) is assigned 1
and (m — 1,2) is assigned 2 and so on. Label the vertices in (3k — 1)™ as follows: the
first column is assigned as 2 and the last column is assigned as | the rest of the columns
as 3, 1<1<m-2. Label the vertices in (3k)™ row as follows: The first column is asssigned
as 3 and the last column is assigned as 2 and the rest of the columns as 1 1<k<2 . Label

the vertices in (3k— 1)

row as follows:The first column is assigned as | and the last
column is assigned as 3 and the rest of the columns as 2, 1 < k < m — 1. It is evident that
no two adjacent vertices have equal neighbourhood sum. subcase(ii)When m = 0 (mod
31

Label the vertices in first row as 1 and 2 alternately and the n™ column as 3 without loss
of generality (0,0) is assigned 1, (0, 1) is assigned 2 and so on and (0,n) is assigned

3. Similarly label the m™ row the first column as 1 and remaining columns as 2 and 3

alternately. without loss of generality (m — 1,0) is assigned 1, (m — 1. 1) is assigned 2

70



53

110 i ©)
e
\.1(\.3) O ijoy
p
1) iy <{( =)
e, . -

-
o
%
L

3 2(5) 3

Figure 3.21: Proper Lucky labeling of B+

and (m — 1,2) is assigned 3 and so on.Label the vertices in (3k — 1)™ row as follows: The
first column is assigned as 2 the last column is assigned as 1 and the rest of the column as
3,1 < k < m—2. label the vertices in (3k)™ row as follows:The first column is assigned
as 3 and the last is assigned as 2 and the rest of the columns as I, | <k < m — 2. Label
the vertices in (3k + 1) rows as follows:The first column is assigned as 1 and the last
column is assigned as 3 and the rest of the column as 2, | < k < m — 2.1t is evident that
no two adjacent vertices have equal neighbourhood sum. subcase(iii)When m = 0 (mod
3)2

Label the vertices in first row as | and 2 alternately and the '™ column as 3 without
loss of generality (0,0) is assigned 1, (0,1) is assigned 2 and so on and (0,n) is
assigned 3.Similarly label the (m — 1) the first column as 2 second column as 3 and
remaining column as 1 and 2 alternately. without loss of generality (m — 1,0) is assigned
2, (m—1,1) is assigned 3 and rest of the column is assigned as 1 and 2 alternately.
(m—)™ row is assigned as follows: The first column as | second column as 2 and the

rest of the column as 3.Label the vertices in (3k — 1) row as follows: The first column

7
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1C10) __ 2¢8y—  1(10) 2(8) 1(10) 28— 3(6)
g =@ oy
. 1) 1) 2
- -
. ) : \%) 2(6) 3¢
P N~
28 3@ 3N Qjo)
Hy \1(\1‘:)1 ap) (
L\ e -
& ) \3\: 304
y \lq P D
1jo) ) o)

Figure 3.22: Proper Lucky labeling of Bg 7

is assigned as 2 and the last column is assigned as | and the rest of the column as 3
.1 <k < m— 3. Label the vertices in (3k)™ as follows: The first column is assigned as 3
, the last column is assigned as 2 and the rest of the column as 1 ,1 < & < m — 3.Label
the vertices in (3k + 1)™ row as follows:The first column assigned as 1 , the last column
assigned as 3 and the rest of the columns as 2, 1 < k < m — 3.1t is evident that no two

adjacent vertices have equal neighbourhood sum. O

Theorem 3.0.0.16. Let G be a mesh M. Then the Proper Lucky number of G is
Np(G) =2

Proof. Define mapping f: V(G) € {1.2} as follows, Let vj; — V then the vertex v;; does
not receive the value i.e, if vertex v;; is mapped to 1, its adjacent vertices is mapped to 2
and vise versa.Clearly, f(u) # f(v), for all (u,v) € E(G). Hence the given labeling is a
proper Labeling. Next we claim that the given mapping is a lucky labeling. That is to
prove s(u) # s(v) for all (u,v) € E(G).

We obtain s(v;;), the sum of labels over all neighbours of vertex v;; as follows

s(vij) = f(vij1) + f(visj)si=1,j=1
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s(vij) = f(vije1) + f(viajsi=m, j=1
vij) = f(vij1) + fvisrj)si=1,j=n
Vi) = f(vij1) + fvieyg)si =m, j=n

(
(
(
s(vii) = f(vierj) + F(Viarj) + f(Vijr1): i = 2,3,...,m =1, j =
(
(
(

s

2]

s(vij) = f(viey) + f(Visrj) + f(Vi§1):§=2,3,....m—landj=n
s(vij) = f(vieyj) + f(viery) + f(vijer + (Vi ): i =2,3,....m=landj=2,3,...,
) Vu) zf(‘q 1)+ f( "l]+l)“|"f("t+lj) i=1,j=23,. =3

s(vij) = f(vij1) + f (Vi) + f(viagj)ii=n, j=2,3,..,n—1
case(i)Inner part of the Mesh

s(v2izj)=8;i=1,2...[ 7]

s(vais12541)=8: i =1,2,. [’-—_’H L, j=1,2,..[3] =1
s(vizi)=4i=12,..[%]. j

s(ving)=4i=12,..[3] -
case(ii)Upper part of the Mesh

s(vig)=3:ii=1j=12,..[F]

s(Vigjs1)=6:i=1j=1,2,..[5] =1

upper part and Lower part of the Mesh have same labeling when i = m.
case(iii)Left side of the grid

s(vyi)=3;i=1,2,..[Z]i=1

s(vigj+1)=6;i=1,2,...[F] - 1j=1,

upper part and Lower part of the Mesh have same labeling when i = m.

55

Left side and right side of the mesh have the same labeling (When j=n). All the corner

vertices receives the same labeling. From the above cases we see that s(u) # s(v) for all

(u,v) € E(G). Therefore 1, <2

Hence the clique number @ of Myxy is 2, from theorem 1.3.0.4 we have 1, > @.

Hence 1,(G) > 2
Therefore by np < 2 and n, > @ we have 1,(G) =2
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1 2 1 2 1 2 | 4 3 6 3 6 3 4
2L 1 2 1 2 1 2 3 8 4 3 4 8 3
I 2 1 2 1 2 E g 4 ] 4 & 4 6
2 1 2 L 2 1 2 3 8 4 |8 4 8 3
I 2 1 2 1 2 I &L 14 8 4 8 4 6
2 1 2 1 2 1 2 3 8 4 8 4 8 3
I 211 211 2 14 3 6 K 6 3 4

Figure 3.23: Proper Lucky labeling of Mesh M+,7 and its sum of neighbourhood

O

Theorem 3.0.0.17. Let G be an Extended Mesh EX ... Then the proper lucky number
of Gisn,(G) =4

Proof. We Partition the vertex set V (G, ) into 2 disjoint sets V| and V.
LetVy=vangauii=1,2,..m,j=1,2,..nand V| =vopjpsii=1,2,..m, j=1,2,...n.
Define a mapping f: V(G) € N as follows

| ifiisoddwherei=12,..m ,j=12_.[1]
f(vamG-n+i) = 3
2 ifiisevenwherei=1,2,.m ,j=1.2,.[3]

.
i

3 ifiisoddwherei=1,2,..m ,j=1.2,..|5]
S (Vam-1)4i) = §

\4 if i is even where i = 1,2,..m ,j=1,2,..|5]

Claim: f is a proper labeling. We need to verify thatf(u) £ f(v), forall (u,v) € E(G).Let
e = uw be an edge in G.

case(i)Suppose u,w € V.Then u = vym(i.1j4s and W = Vo, 1 TS [5], 1 <51 <
m.Since e = uw is an edge , we have t=s+1. Therefore f(u) = 1, f(w) = 2orf(u) =
2, f(w) = L.LHence f(u) # f(v). case(ii)Suppose u,w € V,.Then u = vy .14 and

W= vVyiipe 1 TS [3], 1 <50 <m. Since e = uw is an edge, we have r = s+ 1.
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| 2 | 2 ] 2 I 9 12 15 12 15 12 9
31 4 3 4 3 L 3 101 10
| 2 | ) 1 1 61 73 27 26 b 16

4 N4 3
3 3 10 14 | 14 IR 10
| 2 | y 1 2 1 161 2 2 2\ 16
31 3 ‘o 14NN 14N 10
1 2 I 2 B 2 1 9 12 15 12 15 12 9

Figure 3.24: Proper Lucky Labeling of an extended mesh £X7,7 and its sum of neigh-
bourhood

Therefore f(u) =3, f(w) =4 or f(u) =4, f(w) = 3. Hence f(u) # f(v).
case(ii)Suppose u € V|, w € V2. Then u = vy 14 and w = vy21.1)41- Since the vertex
V' is labeled 1,2 and V; Hence f(u) # f(v) for all (u,v) € E(G).Hence the labeling is
proper labeling.

Next we claim that the given mapping is a proper lucky labeling.That is, to prove
s(u) # s(v) for all (u,v) € E(G).

The sum of open neighbourhood of v ; are defined below as follows, where i = 1,m and

ji=Ln

s(vij) = fvis1) + F(Vinijnr )i = 1,2,..m— 1, j = 1.n

s(vij) = f(viajn) + f(iey) + Fviagger) + f(Vierjer)-i=2,3,..mj=2,3,..n— 1

s(vij) = F(vi-gj) + F(Vier) + F(Visrjer) + L Wicger) + F(Vie1) +F (Visrjor) + F(vig1) + F (Vicgjr )i =

l,mj=2,3,..n—1.

s(vij) = f(vij1) + F(Viag) + FVistiar) + £ (Viagj) + F(Vistjear)

from the above mapping we obtained values for each neighbourhood of v;;
case(iii)Inner Part of the Mesh

s(vaig)=14;i=1,2..[F]j=1,2..[§]
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s(vaie12i1)=18;i=1,2,...[F] -1, j=1,2,...[5] -1

s(vai241)=22;i=1,2,...[3] -1, j=1,2,...[5]

S(vais12§)=26;i=1,2,..[F] -1, j=1,2,..[3] -1

case(iv)Upper part of the Mesh

s(vigj)=12,i=1, j=1,2,...[3]

s(vig1)=15i=1, j=1,2,..[5] =1

upper part and Lower part of the Mesh have same labeling when i = m.

case(v)Left side of the grid

s(vai3)=10;i=1,2,...[F], j=1

s(vizje1)=16;i=1,2,..[F] =1, j=1

Left side and right side of the mesh have the same labeling (When j = n). All the corner
vertices receives the same labeling. From the above cases we see that s(u) # s(v) for all
(u,v) € E(G). Therefore n, < 4

We note that the maximal complete subgraph of E X, is K4. Hence the clique number

 of EXp,. 15 4, By theorem 1.3.0.4 O
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Chapter 4

D-LUCKY LABELING OF GRAPHS

Theorem 4.0.0.1. The n-dimensional Butterfly Network BF (n) admits d-lucky labeling
and N4(BF(n)) = 2.

Proof. Label the vertices in consecutive levels of BF (n) as 1 and 2 alternately, beginning
from level 0. We note that every edge ¢ = (u,v) € BF(n) has one end at level i and the
other end at level i + 1 or level i — 1 (if it exists), 0 < i < n.

Case (i): Suppose u is in level 0, then u is incident on one cross edge and one straight
edge with the other ends at level 1. Since f(u«) = 1 and each member of N(u) is labeled 2,
we have c(u) = ¥ ,enq) f(v) +d(u) = 6, where d(u) is the degree of u. Since f(v) =2
and each member of N(v) is labeled 1, we have ¢(v) = ¥ ,cn(y) f(u) +d(v) = 8. Thus,
¢(u) # c(v). The same argument holds when u is in level n.

Case (ii): Suppose u is in level i, where i is even, 0 < i < n, and v is in the level
i+ 1. Then u is incident on one cross edge and one straight edge with the other ends
at level i 4+ 1, and also incident on one cross edge and straight edge with the other
ends at level i — 1. Since f(u) = 2 and each member of N(u) is labeled 1, we have

c(u) = Xien(w f(v) +d(u) = 8. Further, f(v) = 1 and each member of N(v) is labeled

59
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60 D-LUCKY LABELING OF GRAPHS

n=4
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Figure 4.1: d-Lucky labeling of BF(3)

2. Therefore, we have ¢(v) = ¥, en() f(1) +d(v) = 12. Thus, c(u) # ¢(v). A similar
argument shows that c(u) # c(v) if vis in level i — 1. The case when i is odd is also

similar. Hence, the n-dimensional butterfly network admits d-lucky labeling. O

Theorem 4.0.0.2. The Mesh Network denoted by M., admits d lucky labeling and
Hdl(Mmu) =2

Proof. Let G be a mesh M,,,, where m,n < 2.Then G admits d-lucky labeling and
Na(G) = 2. Label the vertices in row i even, as 1 and 2 alternately, beginning with label
1 from left to right. Label all the vertices in row i, i odd, as 2. Edges with both ends in
the same row are called horizontal edges. Edges with one end in row i and the other end
in row (i 4 1) orrow (i — 1) are called vertical edges.

case(i) Suppose u and v are in row 1, where d(u) = 2, then u has one horizontal edge

and one vertical edge incident at it. If f(u) = 2, by labeling of G the adjacent vertices on
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200 28 20 20
2(5) 246)

1(12)
1(9) 2(10) 2(10) i1z 2(8)

2012) | 2010) |2012) |2(10) 2(9)

2(7)
19) 2(10) [ 1012)  12¢10) J1(12) 2(8)
2(5) 26)

2(9) 2(8) 2(9) 2(3)
Figure 4.2: d-Lucky labeling of Ms.s Mesh Network

the horizontal and vertices edges incident with u are labeled as 2 and 1 respectively.We
have c(u) = ¥ enq) f(v) +d(u) = 5. On the other hand, if v and each member of N(v)
is labeled 2, we have c(v) = Lyeny) f(u) +d(v) = 9. Thus c(u) # c(v). A similar
argument shows that ¢(u) # ¢(v) when f(u) = 1 or u is in row n.

case(ii) Suppose u and v are in row i, i even, where d(u) = 3 and d(v) = 4, u has
vertical edges in row i+ 1,/ — | and one horizontal edge with the other end in row i
incident with it. Since f(u) = 1, each member of N(u) is labeled 2. Therefore we have
c(u) = Yyenq f(v) +d(u) = 9. On the other hand suppose v is in row i, then v has 2
edges in vertical edges in row i — 1 and i+ 1 and two horizontal edges with the other
end in i incident with it. Since f(v) = 2, each member of N(v) in the horizontal row
is labeled 1 and N(v) in the vertical column is labeled 2, Therefore we have ¢(v) =
Yuen(y) f(u) +d(v) = 10. The vertex sums are distinct. A similar argument holds when
visinrow n— 1.

case(iii) Suppose « and v are in row i, i odd, where d(u) = 3 and d(v) = 4, u has vertical

edges in row i+ 1, i — | and one horizontal edge with the other end in rowiincident
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62 D-LUCKY LABELING OF GRAPHS

with it. Since f(u) = 2, by labeling of G the adjacent vertices on the horizontal and
vertical edges incident with u are labeled 2 and 1 respectively. Therefore we have
c(u) = Lyengu) f(v) +d(u) = 7. On the other hand suppose v is in row i, then v has 2
edges in vertical edges in row i — 1 and i + 1 and two horizontal edges with the other
end in / incident with it.Since f(v) = 2, each member of N(v) is labeled 2, Therefore we
have ¢(v) = ¥ en(y) flu) +d(v) = 12.The vertex sums are distinct.A similar argument
holds when v is in row n — 1.

O

Theorem 4.0.0.3. The n-dimensional benes network BB(n) admits d-lucky labeling and
Na(BB(n)) = 2.

Proof. Label the vertices in consecutive levels of BF (n) as 1 and 2 alternately, beginning
from level 0. We note that every edge ¢ = (u.v) in BF(n) has end at level i and the other
end at level i + 1 or level i — 1 (If it exists), 0 < i <n.

Case(i):Suppose u is in level 0, then « is incident on one cross edge and one straight
edge with the other ends at level 1. Since f(u) = 2 and each member of N(u) is labeled
1 we have c(u) = ¥y f(v) +d(u) = 4, where d(u) is the degree of u. Since f(v) = 1
and each member of N(v) is labeled 2, We have ¢(v) = ¥, n(y) f(u) +d(v) = 12. Thus
c(u) # c(v).The same argument holds good when u is in level n.

case(iii) Suppose u is in level i, i is even, 0 <i < I and v is in level i+ 1. Then u
is incident on one cross edge and one horizontal edge with the other ends at level
i— 1. Since f(u) = 2, each member of N(u) is labeled 1, Therefore we have c(u) =
Yoen(u f(v) +d(u) = 8. Further f(v) = 1, each member of N(v) is labeled 2, Therefore
we have ¢(v) = Y, en(y) f(u) +d(v) = 12. The vertex sums are distinct. A similar
argument shows that c(u) # c¢(v) if v is in level i — 1.The case when i is odd is also
Similar.

O
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2(8) 4

1(12) 4

2(8) o

1(12)

1(8) 1(6)
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Figure 4.3: d-Lucky labeling of BB(3)
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2(8)

1(12)

2(8)

1(12)

2(8)

Theorem 4.0.0.4. The r-level hypertree HT, admits d-lucky labeling and n4(HT(R)) =

2.

Illustration
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64 D-LUCKY LABELING OF GRAPHS

1(5)

2(8)

‘\.A‘aﬁl 4‘

AR A<\ — A1

g

1"Hs) 2(4)

Figure 4.4: d-Lucky labeling of hypertree HT(4)

Theorem 4.0.0.5. The X-Tree XT , admits d-lucky labeling and n4(XT,) = 2.

Illustration

2(S)

2014}

2(13

2(10) 111)

2(5) 2(s)

1(9) 2(8) 2(9) 2(8) 18 2™

Figure 4.5: d-Lucky labeling X-Tree , XT'(3)
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Figure 4.6: d-lucky labeling of Extended Triplicate of Star graph ETG(K) 4)

Theorem 4.0.0.6. The extended Triplicate Star of Graph admits d-lucky labeling with
lucky Number n4(ETG(K;,)) =3

Proof. To prove that ETG(k; ;) admits d-lucky labeling.

Define a function S : {(G) — 1,2 to label the vertices, such that S(b) = S(b') =S(b") =1
and S(¢;) = S(¢';) = S(c";) = 2; 1 <i < n, The degree of the vertices are

db)=n+1,

d(b') =2n
d(b")=n
forl <i<n,

d(ci)=2and d(c";) =1

Then by p(b) =d(b) + Lsenp) l(c) we obtain a labeling

w(b) = 3(n+1).u (b)) = 6m,u(b") = 3m,p(er) = 4, p(ci) =22 <i<n

For 1 <i<n, u(c)=4and u(c/") = 2. For every pair of adjacent vertices of b and ¢ in
ETG(K) , are distinct. Therefore, p(b) # u(c)

Hence, the extended triplicate graph of star admits d-lucky labeling with lucky number

ndf(ETG(KFJr)) =2 O
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Chapter 5

PROPOSED THEOREM

Theorem 5.0.0.1. The n-dimensional butterflty network BF (n) admits lucky labeling and

N(BF(n))=2forn+#2

Proof. For n > 2 Label the vertices in consecutive levels of BF(n) as

_ 1 iodd
flug) = (5.1)

ieven

o

for j=0,2,....n— 1 whennisodd, j=0,2,....n—2 when n is even and

~

_ i odd
fluig) = (5.2)
1 feven

for j=1,3,....,n—21 whenniseven, j=0,2,....,n—2 when n is odd.
Note that j = n will receive the same label as that of j =n— 1.

We note that every edge ¢ = (u,v) in BF(n) has one end at level j and other end at level

67
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68 PROPOSED THEOREM

1(6)

2(5)

113) 23) 13) 2(3) 13) 2(3) 1(3)

Figure 5.1: Lucky labeling of BF(3)

Jj+lorj—1 (if exists), 0 < j<n.

_ 1 {odd
flupp) =
2 ieven

and each member of N(uj.) is labeled

2 iodd
Fvi) = {

case(i) When u is in level 0

1 ieven

We've s(u) = ):,,.;N{,.i:“]ffl'i-.i) =3.

2 iodd
Since f(vi;) =

1 ieven

86
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1 iodd
and each member of N(v; ;) is labeled f(u;.0) =
2 ieven
We've
5 iodd
s(iy= Y fluig) =
vEN(vi.p) 7 ieven

Thus when u is in level 0, s(u) #s(v) ¥n>3andne N
case(ii)When u is in level j =n
subcase(i)

69

(5.5)

When u is in level j = n and n is odd, then u is incident on one cross edge and one

straight edge with ends at level j = n— 1. Since if n odd,

1 iodd
Suin) =
2 ieven
and each member of N(u;.,) is labeled as
1 iodd
[ (Vi) =
2 ieven
2 iodd

s= Y f(vin1) =

HEN (i.5)) 4 ieven

Then we've "[ "') = El{GN(nim) f(l'i;n-l) =6

(5.6)

(5.8)

Therefore subcase(i) along with case(i) Proves that s(u) # s(v) for all (u,v) € BF(3)

subcase(ii)

When u is in level j = n and n is even, then u is incident on one cross edge and one
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70 PROPOSED THEOREM

straight edge with ends at level j =n - 1.

|2 iodd |
f(ui;n) - (5.9)
1 ieven
and each member of N(uj.,) is labeled as
2 iodd
f(vin1) = (5.10)
1 ieven
4 iodd
sw= ) f(vip1)= (5.11)
uEN (1., 2 ieven

forn > 2,

5(v) = Luen(u; ;) [ (Vimn-1) = 6

s(u) # s(v)

case(iii)When u is in level j = 2 and for n > 3 Then u is incident on one cross edge and
one straight edge with the other ends at level j+ 1 and also one straight edge and cross
edge with the other ends at level j — 1.

subcase(i)When » is odd

Since
1 iodd
f(ui;z) = (5.12)
2 ieven
and each member of N(u;.2) is labeled
2 iodd
fvia3) = (5.13)
1 ieven

88



71

) [ e

W/ LA e TS

i ﬁdﬁ»ﬁoﬂh‘ e
Y /// XXXAT i

~ W/ XX\ 1 <<
WY/ Z AN X X
Y NN
M X .
0 N A=
LI/ /X X
LIMNNXX/ S N>
JHANXXXX X

I \\ZXXN e
Y ANXX

L

™ b L

Figure 5.2: Lucky labeling of BF (4)

8 iodd

|

S f(via3)

= Erré Nl

Therefore s(u)

4 ieven

subsubcase(i):when v is in level 3,

(5.14)

4 iodd

|
|

fluiz)

3

I'ENfl'i::;]

s(v) =

8 ieven

subsubcase(ii):When v is in level 1,

(5.15)

5 iodd

Z flui)

veN(v;)

s(v) =

7 ieven
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Figure 5.3: Lucky labeling of BF(5)

combining above 2 subsubcases, subcase(i) of case(ii) and case(i) we have s(u) # s(v)

for all (u,v) € E(BF(5))

subcase(ii)When # is even.

Since

(5.16)

i odd
i even

1
Sfluin) = {
2
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74 PROPOSED THEOREM

2 iodd
and each member of N(u;.0) =
| ieven
8 iodd
Therefore s(u) = Luen(u,) f(Vi13) =
4 jeven
subsubcase(i):When v is in level 1,
5 iodd
sy= Y fluia) = (5.17)
veN(v;,) 7 ieven
subsubcase(ii)When v is in level 3,
forn>4
4 iodd
W= ¥ fluz) = (5.18)
veN(vi. 3) 8 ieven

and forn =4

$(v) = Lvengy;. 5) f(ui2) = 6

Combining above subsubcase with case(i) and subcase(ii) of case(ii) we have s(u) # s(v)
for all (u,v) € E(BF(4))

case(iv) Whenn >5anduisinlevel j,3 < j<n—1

Then u is incident on one cross edge and one straight edge with the other ends at level
J+ 1 and also one straight edge and cross edge with the other ends at level j — 1. Since
subcase(i) jisevenand3 < j<n-—1.

Since

1 iodd
fuiz) = (5.19)
2 ieven
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and each members of N(u;;) are labeled as

2 iodd
f(viza541) = (5.20)
1 ieven
Therefore
8 iodd
siwy= Y flugega)= (5.21)
uEN(uj:f) 4 ieven

Combining above subcase with case(i) and subcase(ii) of case(ii) and subcase(i) of
case(iii) we have s(u) # s(v) for all (u.v) € E(BF(6)) subcase(i) jisodd and 3 < j <
n—1.
Since
2 iodd
fluiz) = (5.22)

1 ieven

and each members of N(u;;) are labeled as

1 iodd
Figagn) = (5.23)
2 ieven
Therefore
4 jiodd
sw= Y figag)= (5.24)
weN(u;j) 8 ieven

subsubcase(i)forn > 6

4 iodd
S[V) - E"'EN{1'i;j—+|.i—l } f("iij) =
' 8 ieven
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76 PROPOSED THEOREM

subcase(ii)jiseven4 < j<n—1. Since

1 iodd
Sluig) = (5.25)
2 ieven
. 2 iodd
and f(vijs1j1) = (5.26)
I ieven
Therefore
4 iodd
sw= Y, figag)= (5.27)
uEN(15:) 8 ieven
8 iodd
s(v) = Y fluy) = (5.28)
vEN(viui—1,j+1) 4 ieven
Therefore in all the cases s(u) # s(u).
n(BF(n))=2forn#2 O

Theorem 5.0.0.2. The n-dimensional Butterfly Network BF (n) admits Proper Lucky
labeling and n,(BF (n)) =3 forn > 1

Proof. Define a Mapping f : V(G) — {1,2,3} then the vertex u; is mapped to 1 or 2
under f such that for j =0,1,2,...| 5.

I iodd
Sfluizy) = (5.29)

2 ieven

for even levels i.e, and v; is mapped to 3 on odd levels i.e, for j =0,1.2,...|5]. Clearly
flu) # f(v) for all (u.v) € E(BF(n)).

Now we need to prove that s(u«) # s(v) Label the vertices in consecutive levels of BF (n)

94



77

as for j=0,1,2,...|5].
I iodd
fluizy) = (5.30)
2 ieven
and; f(ujj41) = 3. We note that every edge e = (u,v) in BF(n) has one end at level
jand other end at level j+ 1 or j— 1(if exists), 0 < j <n.
case(i) Suppose u is in level 0, then wis incident on one cross edge and one straight edge

with the other ends at j = 1. Since

I iodd
fluio) = (5.31)
2 ieven

and each member of N(u;q) is labeled 3, we have s(u) = LveN(u; o) f(v;:1) = 6. Since

f(vi:1) = 3 and each member of N(v;.; ) is labeled

1 iodd
fluip) = (5.32)
2 ieven
we have We've
5 iodd
s(vy= Y fluig) = (5.33)
veN(vi.1) 7 ieven

Thus s(u) # s(v).
case(ii)When u is in level n, then u is incident on one cross edge and one straight edge

withends at j =n— 1.

subcase(i):If n is odd
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78 PROPOSED THEOREM

fluin) = 3 and each member of N(u;,) is labeled

1 iodd
f(Vip1) =
2 ieven
and
2 iodd

5(") = z f(“i:n) =
vEN (Vi) 4 ieven
and s(v) = Lue(uy) [ (Vim1) = 12
Therefore s(u) # s(v).
subcase(ii):If n is even .

1 iodd
flugn) =

2 ieven

N(uj.y) is labeled as f(vjn.1) = 3 Therefore s(u) = z"EN("i-nl f(Vin1) =6

subsubcase(i):n = 2

5 iodd
swW= ¥ flua) =

vEN(v;.) 7 ieven

Then by case(i) for n = 2 s(u) # s(v) for all (u,v) € E(BF(2))
subsubcase(ii):n > 2

4 jodd
s(v) = Z f{"i:n) =

VEN(¥ip1) 8 ieven

Therefore s(u) # s(v)

(5.34)

(5.35)

(5.36)

(5.37)

(5.38)

case(iii)When u 1s in level j = 2 and for n > 2 Then « is incident on one cross edge and
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Figure 5.5: Proper Lucky labeling of BF(2)
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one straight edge with the other ends at level j+ 1 and also one straight edge and cross
edge with the other ends at level j— 1.
subcase(i)When »n is odd

Since

I iodd
f(ui;_'g) = (5.39)
2 ieven

and each member of N(u;.; 3) is labeled f(v;.2.3)=3.
Therefore -';(") == Zu&N{lti;EJf("i;l.B) =12

subsubcase(i):when v is in level 3,

2 iodd

s(v) = Z fluin) = (5.40)
veN(vi;3) 4 ieven
subsubcase(ii):When vis in level 1,
5 iodd
sm= Y fluiz)= (5.41)
veN(v;) 7 ieven

combining above 2 subsubcases and case(i) we have s(u) # s(v) for all (u,v) € E(BF(3))
This also covers the case whenn =3
subcase(ii)When »n is even.

Since

1 iodd
fluizsn) = (5.42)

2 ieven

and each member of N(i;;1,3) = 3.
Therefore S(h‘) = Euf;N[ui.ﬂf(l'i:l.J] =12

subsubcase(i)then v is in level 3,
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Figure 5.6: Proper Lucky labeling of BF(3)
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4 jodd
s= Y flun) = (5.43)
veN(v.3) 2 ieven
subsubcase(ii):When v is in level 1,
5 iodd
s= Y flup) = (5.44)
VEN(v;,) 7 ieven

Combining subcase(ii) of case(ii) we have s(u) # s(v) for all (u,v) € E(BF(4))
case(iii)when wis in level n — | and forn > 4

subcase(i):when n is odd

I iodd
flttin) = (5.45)

2 ieven

and each member of N(u;,.1 ) is labeled f(vi;nn41) =3 .Therefore s(v) =}, enq v) flu;)=12

and since
1 iodd
f(Vinne1) = (5.46)
2 ieven
.Therefore
4 jodd
sw)= Y flaa) = (5.47)
VEN(Vi:nn-1) 8 ieven

. combining above 2 subcases and case(i) we have s(u) # s(v) for all (u.v) € E(BF(5)),
Therefore s(u) # s(v)

case(iv)When n > 5 and u is in level j, 2 < j < n— 1. Then u is incident on one cross
edge and one straight edge with the other ends at level j + 1 and also one straight edge

and cross edge with the other ends at level j — 1.
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Figure 5.9: Proper lucky labeling of BF(5)

subcase(i)j=odd 2 < j<n—1.
Since f(u;; j) = 3 and each members of N(u;) are labeled as

(5.48)

1 Jiodd
2 ieven

S(Vig-1441)

Therefore

(5.49)

i odd
i even

4

8

("’i:jﬂ J-1 )

]

Hi:l

z,
ueN(

s(u) =
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s(v) = E‘,Em,.i,f(ui;j+|‘jk|)=l2 if n=6, this case along with case(i) and subsubcase(ii)
of subcase(ii) proves that s(u) # s(v) for all (u.v) € E(BF(6)) and for each j=odd
2<j<n—-1

subcase(ii)jiseven 2 < j <n— 1. Since

1 iodd
fluig) = (5.50)
2 ieven
Therefore
sw= Y S =12 (5.51)
uEN(rri:j-l- 1,j=1)
4 jodd
s(v) = 5 fligeja) = (5.52)
veN(viii—1,j+1) 8 ieven
Therefore in all the cases s(u) # s(u).
Np(BF(n)) =3 forn>1 O

Theorem 5.0.0.3. The Wheel Graph W, with n > 3 admits lucky labeling with lucky

labeling number

s

2, ifnodd
NWa)=1<3. neven (5.53)
4, n=4
\

Proof. Letthe V(W) be denoted by {vg.vy..... 1',,} where the rim vertices are v, va,.... ¥y
and the vertex placed at center is vy . For n =4, Since K4 = Wy, Therefore n(W4) =4
let V(W,) — {1,2,3} be defined by

case(i)n is odd
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(s}

case(ii)When n is even

PROPOSED THEOREM
1(5)
1(5)
1s)
Figure 5.11: Lucky labeling of W)
1 ifi=0,0dd
fvi) = (5.54)
2 ifieven
3 i even
s(vi)=45 i odd (5.55)
3[5] ifi=0
f
1 ifi=0,1
=142 ifi=i=4k4k—1,4k—-2 (5.56)

f(vi)

.

3 ifi=4k+1.keN
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3(4) N

16) 2(4)

Figure 5.12: Lucky labeling of W g

subcase(i)when n = 2m.m = 3.5. ...

a

4 fi=n;2
5 ifi=3,[2%2,k=3,5,..
s(v) = 4 : (5.57)
6 if i = 1,4k, 4k +2k = 1,2,3,...
‘9[§]+1 ifi=0

subcase(ii)When n = 2k. k = 4.6, ...

'

4 ifi =n,2
5 ifi=3,[%] k=4,6,..

s(vi) =« - (5.58)
6 if i = 1,4k, 4k +2
9[§1-4 ifi=0

107



90 PROPOSED THEOREM

2(8)

3(4) 2(5)

1(10)

1(6) 2(4)

Figure 5.13: Lucky labeling of Wg

Theorem 5.0.0.4. The Banana Graph B, with n > | admits lucky labeling with

IL ifn>?2

N(By4) = (5.59)
L2. n=2
1, ifn>2

N(Bys) = 4 (5.60)
{2. n=2

1, ifn>2,m>3
N Bum) = (5.61)
2, n=2m>3

Proof. case(i) Whenn > 2,m > 3, Label all the vertices of the graph as | . In this way
we have s(u) # s(v) for every pair of adjacent vertices of By, where u,v € V(Bma)

w) case(ii)

Suppose N(Bym) = 1, n=2,m > 3 when n=2,m > 3, When n is 2 there are exactly 2
copies of m-star, in this way there are exactly 2 distinct vertices that are connected to the

root vertex of m-star will receive the sum of label as 2 which is equal to sum of label of

108



1(1) 1(1) 1(1)

1(3)

Figure 5.14: Banana Graph B 5

1(1) 1(1)

Figure 5.15: Banana Graph B 7
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the root vertex, since the root vertex is connected to 1 leaf of each n copies of m star.
Therefore N(Bym) # l,n=2,m > 3.

hence N(Bym) <2,n=2m>3

claim:n(B,n) =2.n=2m>3

Label the root vertex (say v) as | and label all the vertices except one of the vertex among
the two vertices(say w; or w,) that are connected to the root vertex as 1 and label that one
vertex that is not labeled as 2 (wlg vertex w is labeled 2). In this way we get s(w;) =2
and s(v) = 3 clearly S(w;) # s(v), similarly s(w3) # s(v).

Now we need to prove that the Sum of labels of all the adjacent vertices of m star copies
are also distinct.

Since all the vertices of the two m stars are labeled 1 except O

Theorem 5.0.0.5. The Mycielskian of Path has lucky Number and for Mycielskian of P,
wheren > 2 isn(u) =2

Proof. letV(u(P,)) — {1.2.} be defined by

the vertices of the path P, w; wherei=1.2,...n.

The vertices of the copy of P, as v; where i = 1,2,...n.

and the new vertex u that is adjacent to all copies of vertices of P, as vertex u;.

case(i)n 1s even

flu)=1 (5.62)
1 ifi# 4k

f(vi) = (5.63)
2 ifi=4k

flwi) =1 (5.64)

10
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1(17)

1(2) 1(4) 1(8) 1(4) 1(8) 1) 1(5) 1(4) 1(5) 14 1(5) 1(4) 1(5) 1(2)

Figure 5.16: lucky labeling of Mycielskian of Py

s(u) =1 (5.65)
2 ifi=1,n
s(w) = (5.66)
3 ifi#l,n
y
2 ifi=Ln
s(wi)=1q4 ifi=2%k (5.67)
5 ifi=2k+1
\
case(ii)When n is odd
flu)=1

1 ifi=#3,4k+1
Jfvi) = (5.68)
2 ifi=34k+1

m
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1(16)

@
1(2) 12)
o 1@ 2@) 103 13N 1(3)e 2(3), 1(3)s 1(3)e 1(3) s 2(3)n 1(3) s »

1(2) 1(5) 1(4) 1(5) 1(4) 1(58) 1(a) 1(5) 1(4) 1(5 1(4) 1(5 1(2)

Figure 5.17: lucky labeling of Mycielskian of P3

fiw) =1 (5.69)
s(u)=n+3 (5.70)
2 ifi=1,n
s(vi) = (5.71)
3 ifi#ln
2 ifi=1.n
s(wi)=¢4 ifi=2k+1 (5.72)
5 ifi=2k
O

Theorem 5.0.0.6. The Mvycielskian of Cycle has lucky Number and for Mycielskian of
Cnwheren>2isn(u) =2

12



Proof. let V(i (Py)) — {1,2,} be defined by

the vertices of the path P, , wj wherei = 1,2,...n.

The vertices of the copy of P, as v where i = 1,2, ..,n.

and the new vertex u that is adjacent to all copies of vertices of P, as vertex u;.

case(i) n is even

flu)=1
f) =1
s(u)=n

case(i)n is odd

1 iodd
fwi) =

2 ieven

5 iodd
s(vi) = 4
3 ieven

6 iodd

4 i{even

flu)=1

I ifi=1
fvi)=42 ifi#1,2.n

3 ifi=2.n

\

13

(5.73)

(5.74)

(5.75)

(5.76)

(5.77)






1 ifi=3k
fwi)=42 ifi=23k+2
3 ifi=3k+1
s(u) =2n+1
5 iodd
s(v) = <
3 ieven
6 iodd
s(wi) = ¢
L4 i even

97

(5.78)

(5.79)

(5.80)

(5.81)

O

Theorem 5.0.0.7. The cycle Graph C, with n > 2 admits a lucky labeling with lucky

2, neven
labeling number n(C,) =

3. nodd

Proof. Let f:V(C,) — {1.2.3} be defined by

case(i):n is even

i

1 iodd
Slu;) = <

2 ieven

\

i

2 ieven
() = <

4 jodd

Therefore C,, with n > 2 is lucky graph with n(C,) = 2 for even n.

case(iinisodd ke N

\

15

(5.82)

(5.83)
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2(2)

1(4)

2(2)

1(4)

2(2)

1(4)

1(4)

®

[3

2(2)

1(4)

2(2)

1(4)

2(2)

PROPOSED THEOREM

Figure 5.20: Lucky labeling of Cycle Cj»
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2(5)
2(4) /\ 34
2(5) ¢ T 2(5)
3(3) ¢ 9 2(4)
& ]
1(5) 2(3)

Figure 5.21: Lucky labeling of Cycle Cy

1 i=1

fi)=492 i<l,i=4k4k—1,4k-2 (5.84)
3 i=dk+]
r
3 ieven
s(ui) =<4 i=2%+1 (5.85)

5 i=1,4k4k+2

\

n7
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Theorem 5.0.0.8. The lucky number of a Lollipop graph Ly, is N (Lyn) =n— |

Proof. Let the Vertex set of the complete graph K, joined to path P, be given by u; such
that V(K,,) = {u;,us,....u, } where i = 1,2, ...m and that of P, be given by v; such that
V(B) = {vi,v2,...,vn} where j=1,2,...,n.

Let the vertex that is common to both B, and K, be w;.

Without loss of generality let wy=u,

Let f: (Lms) —+ {1,2....n— 1} be defined by

flu) =1

m—1 i=m-—1

\

| 1 iodd
fu) =

2 ieven
When n is odd, label the vertices of P, as follows:
1 ieven

flvj) =
2 iodd

When n is even, label the vertices of F, as follows:

1 i#n,n—1,ieven
flv) =
2 i=nn-1,iodd

18
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1(4) 2(2) 1(4) 2(2) 1(4) zfn

1(3)
1(5) 2(2) 1(4) 2(2)
2(2)

Figure 5.22: Lucky labeling of L3¢

1(6)
z(5) - - - - -
1(8) 2(2) 1(4) 2(2) 1(a) 2(2)
3(4)
Figure 5.23: Lucky labeling of Ly s
f(WJ'} =m-1
O
1(10)
2(9) ® @ ¥
1(12) 2(2) 1(4) 2(1)
3(8) 4(7)

Figure 5.24: Lucky labeling of Ls 3
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Chapter 6

CONCLUSION

6.1 Lucky numbers of few classes of graphs

The following table summarizes the lucky number 1 of Graph classes obtained in our

studies.

Table 6.1: Lucky number of graph classes

Graph Class Notation | n(G)
Triangular Snake TSy 2
Double triangular snake DTS, 2

" Alternate triangular snake ATS, |2
Double alternate triangular snake DATS, 3

' Quadrilateral snake oS, 2
Double quadrilateral snake DQSs,, 2

| Allematé'quadrilatera] snake AOS, 2
Double alternate quadrilateral snake | DAQS, 2
mxn dimensional bloom graph B 2
Complete graph | ky n
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104 CONCLUSION

6.2 Proper lucky numbers of few classes of graphs

The following table summarizes the proper lucky number 1),(G) of Graph classes ob-

tained in our studies,

Table 6.2: Proper lucky number of graphs

Graph Class Notation 7,
Triangular Snake TS, 3
Double triangular snake DTS, 3
Alternate triangular snake ATS,, 4
Double alternate triangular snake | DATS,, 3
Quadrilateral snake 0S5y 3
Double quadrilateral snake DOS, 2 when n odd
Double quadrilateral snake DQS, 3 when n even
mn dimensional bloom, m.n > 3 | B, 3
mn Mesh Mopn 2
mn extended mesh EXonn 4
mn enhanced mesh ENpn 3
Ladder L, 2
Open ladder OL, 2
Slanting ladder SLy 2
Triangular ladder y if O 2
Open triangular ladder oTL, 3
Diagonal ladder DL, 4
—()pen diagonal ladder ODL, 4

122
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6.3 d-lucky numbers of few classes of graphs

The following table summarizes the d-lucky number 1),(G) of Graph classes obtained

in our studies.

Table 6.3: d-lucky number of graphs

Graph Class Notation Nai
‘n-dimensional butterfly network | BF (n) 12
Mesh M pyn 2
n-dimensional benes network BB(n) 2
Extended triplicate star of a graph | ETG(Ky) | 3
r-level hypertree HT, 2
XTree Al 2

6.4 Some results of Theorems proposed by us

The following table summarizes the lucky number 1)(G), n,(G) of Graph classes ob-
tained by us.

Table 6.4: Lucky number of graph classes

Graph Class Notation | 1
Butterfly BF(n) 2forn#2
Wheel W, 2 for n odd
Wheel W, 3 for n even
Wheel W, 4forn=4
Banana B [Tforn>2.m>3
Banana Biyxn 2forn=2.m>3
Mycielskian of Path | u(F,) 2forn>2
Mycielskian of Cycle | u(C,) 2forn>2
Cycle Ca 2 for n even
Cycle Cn 3 for n odd
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Table 6.5: Proper lucky number of graphs

' Graph Class | Notation | 1, |
 Butterfly BF(n) |3
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