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PREFACE

This Project Report has been prepared in partial fulfilment of the requirement for the Sub-
ject: MAT - 651 Discipline Specific Dissertation of the programme M.Sc. in Mathematics

in the academic year 2023-2024.

The topic assigned for the research report is: " STUDY AND ANALYSIS OF MATH-
EMATICAL MODELS FOR COVID-19 PANDEMIC." This survey is divided into five
chapters. Each chapter has its own relevance and importance. The chapters are divided
and defined in a logical, systematic and scientific manner to cover every nook and corner

of the topic.

FIRST CHAPTER :

The Introductory stage of this Project report is based on overview of mathematical Mod-

elling, COVID-19 disease models, Aim and objectives .

SECOND CHAPTER:

This chapter deals with the SEIRS model. The positivity, boundedness , Existence of
solution is discussed. Equilibrium Points and their stabilty analysis is done. Basic

Reproduction Number is also found.

THIRD CHAPTER:

In this chapter we have introduced an Isolation class Q. Here we study the SEIQR
model.The positivity, boundedness , Existence of solution is discussed. Equilibrium
Points and their stabilty analysis is done. Basic Reproduction Number is also found. The

importance of an Isolation class is shown in this paper.
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FOURTH CHAPTER:

This chapter deals with the SEIQRD model which is a slight modification of the model
in Chapter 2. Here we include the Recovered Class R for our dynamical analysis. The
positivity, boundedness , Existence of solution is discussed. Equilibrium Points and their

stabilty analysis is done. Basic Reproduction Number is also found.

FIFTH CHAPTER.

In this chapter we have given some concluding reamarks based on the papers we have

reviewed.
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ABSTRACT

This dissertation project deals with the model formulation and analysis of three
COVID-19 pandemic mathematical models. Many compartment models have been
formulated to study the spread of COVID-19 disease. In this project, we study the SEIRS,
SEIQR and SEIQRD models. The positivity, boundedness, and existence of the solutions
of the model are proved. The Disease-free equilibrium point and endemic equilibrium
points are identified. Local Stability of disease free Equilibrium point is checked with the
help of Next generation matrix. Global stability of endemic equilibrium point is proved
using the Concept of Liapunove function. The Basic Reproduction Number is computed.
If basic reproduction number is less than one, then number of cases decrease over time
and eventually the disease dies out, and if the basic reproduction number is equal to one,
then the number of cases are stable. On the other hand, if the basic reproduction number

is greater than one, then the number of cases increase over time.

Keywords: COVID-19 Pandemic, Stability Analysis, Next Generation Matrix, Basic

Reproduction Number.
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Chapter 1

INTRODUCTION

1.1 Background

A differential equation is a mathematical equation that involves an unknown function
and one or more of its derivatives with respect to an independent variable. The equation
expresses a relationship between the function and its rates of change, reflecting how the

function evolves or behaves over the given variable.

System of differential equation:

A system of differential equations involves multiple equations, each describing the rate
of change of one or more dependent variables with respect to an independent variable.
These systems are commonly used to model complex relationships where the behavior

of one variable is dependent on the behavior of others.

1
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The general form of a system of a n first-order ordinary differential equations (ODEs)

is often written as:

dxy
E = fi (x1 I o JRRN ,Xn,t)
dx;
E = fz(x1 s XDy ,xn,t)
dxy,
E = fn(-xlvva cee 7xn7t)
Here, x1,x3,...,x, are the dependent variables, ¢ is the independent variable (often

representing time), and f1, f2, ..., f, are functions defining the rates of change of the

corresponding variables.

Mathematical Modelling:

Mathematical modeling is a way to represent real-world phenomena using mathematical
equations and formulas. It allows us to simulate and understand complex systems, such
as the spread of diseases, climate patterns, or economic trends. By inputting different
variables and parameters, we can predict how the system will behave under different
conditions. Mathematical modeling helps us make informed decisions, test hypotheses,
and explore various scenarios without having to rely solely on real-world experiments.

It’s a powerful tool that combines math and science to gain insights and make predictions.

Examples: Population Growth Model, Radio-active Decay Model, Diffusion Model

and so on.
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Epidemiology:

Epidemiology is the study of how diseases spread and impact populations. It involves
analyzing patterns, causes, and effects of diseases in order to understand and control
their occurrence. Epidemiologists gather and analyze data to identify risk factors, track
the progression of diseases, and develop strategies for prevention and control. It’s a

fascinating field that plays a crucial role in public health.

COVID-19:

COVID-19, short for "coronavirus disease 2019," is a highly contagious respiratory
illness caused by the SARS-CoV-2 virus. It first emerged in late 2019 in Wuhan, China.
The virus quickly spread globally, leading to a pandemic. The pandemic has had a
profound impact on the world, causing widespread illness, loss of lives, disruptions to
economies, travel restrictions, and changes in daily life. It has highlighted the importance
of public health measures and the need for global collaboration in fighting infectious

diseases.

1.2 Model Formulation and Analysis

Formulation of a mathematical model:
The formulation of a mathematical model using differential equations involves expressing

the relationships between variables in a system in terms of differential equations
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Positivity, Boundedness and Existence of Solution :

The Existence, positivity and Boundedness of the solution of the model is shown to
clarify the model is biologically meaningful and mathematically well posed. A Model is
mathemematically well posed if it has a solution, the solution is unique and the solution’s

behaviour changes continously with initial conditions.

Reproduction number:

The reproduction number, often denoted as Ry , is a crucial epidemiological concept
used to measure the transmission potential of an infectious disease within a population.
Specifically, Ry represents the average number of secondary infections produced by one

infected individual in a completely susceptible population.

Equilibrium points:

The equilibrium points represent the states where the system is at rest, as the rates of
change are zero at those points. Analyzing the stability and behavior of the system
around these equilibrium points is crucial for understanding its dynamics.We investigate

the following two equilibrium points:

* Endemic Equilibrium :
The endemic equilibrium represents a stable state in the population where the
disease persists at a non-zero level. In this equilibrium, there is a balance between
the rates of infection and recovery, leading to a constant, non-zero prevalence of

the disease.
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* Disease-Free Equilibrium :
The disease-free equilibrium represents a state in the population where no indi-
viduals are infected with the disease. At this equilibrium point, all compartments
related to the disease (such as susceptible, infected, and recovered) have constant

values, and the spread of the disease is not occurring.

Stability analysis:
Stability analysis helps to understand whether small perturbations (changes) from an
equilibrium point lead to convergence (stable behavior) or divergence (unstable behavior)

over time. There are two main types of stability: local stability and global stability.

* Local stability:
Local stability focuses on the behavior of solutions in the immediate vicinity
of a specific equilibrium point. It examines how small perturbations from that

equilibrium point evolve over time.

* Global stability:
Global stability considers the behavior of the entire system over its entire state
space. It examines whether all trajectories in the system, regardless of initial

conditions, converge to a specific equilibrium point..

Lyapunov’s Function and Stability Theory:

Lyapunov’s Stability Theory has three theorems, namely:
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Stability Theorem in Lyapunov Sense, Asymtotic Stability Theorem and Lyapunov Insta-

bility Theorem.

Theorem 1.2.0.1. Stability Analysis based on Lyapunov function

If in the given domain, the function F(x) is positive definite and has continuous partial
derivatives, and if its time derivative along any state trajectory of the system is negative
semi-definite, i.e., F(x) <0, then F(x) is said to be a Lyapunov function. The point for
which this function exists is said to be stable. The stability is Asymptotic Global Stable if

F(x) <0.

1.3 COVID-19 Mathematical Model

Corona virus disease 2019 (COVID-19) is an infectious disease that can cause illnesses
ranging from the common cold to much more severe illnesses like SARS, MERS, and
COVID-19. Severe acute respiratory syndrome corona virus 2 (SARS Cov-2)[5, 14],
commonly known as Novel Corona virus (nCoV), is a single, positive-stranded, RNA
virus that belongs to Nidoviral type, which are responsible for the Current COVID-19
Pandemic.[24, 23] The novel corona virus (nCoV) or COVID-19 may show signs of
fever, cough, breathing difficulties, organ failures or even death of whole society[21]. It
can be transmitted from person to person even before any actual signs appeared, which
is difficult to prevent and control. According to WHO report, the virus that causes
COVID-19 is mainly transmitted through droplets generated when an infected person
coughs, sneezes, or speaks.[5] These droplets are too heavy to hang in the air. They

quickly fall on floors or surfaces. You can be infected by breathing in the virus if you are
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within 1 meter of a person who has COVID-19, or by touching a contaminated surface
and then touching your eyes, nose or mouth before washing your hands[6, 4, 16]. There
is no specific medicine to prevent or treat corona virus disease (COVID-19). People may
need supportive care to help them breathe. If you have mild symptoms, stay at home

until you have recovered. You can relieve your symptoms if you:

rest and sleep

* keep warm

drink plenty of liquids

* use a room humidifier or take a hot shower to help ease a sore throat and cough

People with COVID-19 develop signs and symptoms, including mild respiratory symp-
toms and fever, on an average of 5-6 days after infection (mean incubation period 5-6

days, range 1-14 days).

The importance of mathematical modeling in epidemic forecasting is emphasized, rang-
ing from historical outbreaks like cholera to contemporary challenges such as AIDS,
COVID-19 and Ebola. The ultimate goal is to refine disease transmission models for
better forecasting, preparedness, and intervention strategies to address infectious disease
threats effectively. Researchers all round the world have been trying to know how the
disease spreads and find out effective ways control the outbreak. Many Compartment
models have been formulated to study these outbreaks. Compartments like Susceptible,
Exposed, Infected, Recovered, Dead, Quarantined, Hospitalized, Vaccinated etc. are

used to form different interesting models.[22, 15]
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The ongoing Covid-19 pandemic has similarly caused widespread devastation, affecting
social, economic, and health structures globally.Measures such as school closures, travel
restrictions, lockdowns, and social distancing have been implemented to curb the virus’s
spread. Efforts to combat Covid-19 include the development of vaccines, although the
virus’s ability to mutate has raised concerns. Researchers have employed mathematical
models to analyze the disease’s dynamics and propose containment strategies. Studies
by different mathematicians explore various mathematical models, considering factors
like isolation, transmission dynamics, fractional differential equations, super-spreaders,
lockdown impact, age groups, hospitalization, vaccination drives and social distancing
.These studies aim to understand and predict COVID-19 dynamics, stability, including

peak values, infection rates, recovery rates, and case fatality rates[19].

1.4 Aim and Objectives

14.1 Aim
To Study and Analyse 3 Mathematical Models for COVID-19 Pandemic.

1. SEIRS Model
2. SEIQR Model

3. SEIQRD Model
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1.4.2 Objective of study

Study formulation of mathematical model

To study how we can formulate different models in linear and non linear system of
differential equation taking different compartments as variables and the changes that are

happening with time.

Positivity and Boundedness of solution

To show that the formulated Model is epidemiologically / biologically meaningful.

Existence of Solution

To show that the Model is mathematically well-posed.

Finding Equilibrium points of the system

Helps in studying stability of the system.

Finding Reproduction number

Help in guiding our understanding of disease transmission and aiding in the design and

evaluation of public health interventions.
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Stability Analysis

Studying stability of the system whether the system is locally stable and globally stable
or not. We use different methods to find stability at the equilibrium points. Methods like

Lyapunov function method, Castilo-Chavez method and so on are used.



Chapter 2

REVIEW OF SEIRS MODEL

2.1 Introduction

The main purpose of this article is to formulate and to make Mathematical model analy-
sis that describes the disease transmission dynamics of COVID-19 based on different
literature reviews. The paper will create better understanding of the current corona virus
pandemic. The SEIRS model is discussed here. SEIRS: Susceptible - Exposed - Infected
- Recovered - Susceptible Model. The susceptibles become infected on contact with
Infected people. initially they are put in the exposed class (no symptoms) and once they
start showing symptoms they are moved to the Infected class [5]. The Infected class
is assumed to recover from the disease. Once immunized recovered these individuals
may lose their immunity and become susceptible again. Now Let us study the SEIRS

Model[14, 24, 23, 6].

11



12 REVIEW OF SEIRS MODEL

PAPER:

Name:Mathematical Epidemiology Model Analysis on the Dynamics of COVID-19
Pandemic

Journal:American Journal of Applied Mathematics (Published by Science Publishing
Group)

Authors: Abayneh Fentie Bezabih, Geremew Kenassa Edessa, Purnachandra Rao Koya
doi: 10.11648/j.ajam.20200805.12

Received:June 2, 2020 Accepted:June 28, 2020 Published:September 8, 2020

This paper is organized as follows:

In section 2, Mathematical model formulation: Model assumptions, description of

variables and parameters, Model diagram and Model equations are presented.

In section 3, Mathematical Analysis of Model: Positivity, Boundedness and Existence

of solution, Equilibrium points and Basic Reproduction number are Discussed.

In section 4, Stability Analysis of Equilibrium points: Next Generation matrix, Local
Stability of disease free equilibrium point (LSDFEP), Global Stability of endemic equi-

librium point (GSEEP) will be presented.
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2.2 Mathematical Model Formulation

In the present study SEIRS model of COVID-19 is Constructed as follows. The total

populations are divided into four classes:
1. Susceptible class denoted by S (contains population which are capable of becoming
infected)

2. Exposed class denoted by E (consists of populations being infected but not infec-

tious and waiting for a short period time is called latency period.)

3. Infected class denoted by I (consists of population which are infected with COVID-

19 and are also infectious)

4. Recovered class denoted by R (consists of recovered class from infectious disease

COVID-19.)

2.2.1 Assumptions

* The size of total population is assumed to be constant,

N(@)=S(t)+E()+1(t)+R(t)

* Both the number of births and death are may not be equal and populations are well

mixed.

* Susceptible class are recruited into the compartment S(¢) at a constant rate A
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» The Exposed class has short incubation period and are not yet infective but move

to infective class at rate 3

* Susceptible class are infected when they come into contact with COVID-19 patient
and the disease transmitted according to bilinear interaction rate @A (r) where,

A(t) = I(t) which is force of infection.

» Recovered class revert to the susceptible class after losing their immunity at a rate

p

» All types of population suffer natural mortality at a rate u .
* All types of population suffer die due to Covid-19 Pandemic at a rate 0

 All parameters in the model are positive.
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2.2.2 Model Diagram

The Model Diagram is shown in figure 1:

A

PR(t)

al()S(t) BE(t) VI

—st) ——[E —— 0 ———[RE)

8S(t)  uS() SE(t) uE(t) SI(t)  ul(b) SR(t)  uR(t)
Figure 2.1: Model Diagram

Parameter | Description

A Constant Influx Rate (Rate at which new susceptibles are recruited or enter the Susceptible
Compartment )

o Infection Rate or Contact Rate (rate at which COVID-19 patients transfer from Compart-
ment S to E)

B Latency Transfer Rate (rate at which COVID-19 patients transfer from Compartment E to
D

Y Recovery Rate (rate at which COVID-19 patients recover)
Loss of Immunity or Re-infection Rate (rate at which recovered COVID-19 patients

p transfer from Compartment R to S)

o Death Rate due to infection of COVID-19

u Natural Death Rate

Table 2.1: Parameters and Description
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Variable Description
S(t) Number of Susceptible Individuals at time t
E(t) Number of Exposed Individuals at time t ( infected but not infectious)
I(t) Number of Infected Individuals at time t ( infectious)
R(t) Number of Recovered Individuals at time t ( removed or immune)

Table 2.2: Variables and Description

2.2.3 Model Equations

C:l_f =A+pR(t) —aS(t)I(t) — 0S(t) — uS(z)

dE
dr
ar
dr
dR
dr

aS(t)I(t) — BE(1) — SE(r) — ME(t)

BE(t) —vI(t) = 81(t) — ul (1)

VI(t) = pR(1) — OR(1) — UR(7)

with initial conditions, S(0) > 0,E(0) > 0,1(0) > 0,R(0) > 0,A(t) =

force of infection.

2.3 Model Analysis

In this section mathematical model analysis part is presented.

The analysis consists of the following features:
(1) Positivity of solutions the model

(i1) Boundedness of solutions of the model

2.1

(2.2)

(2.3)

(2.4)

I(t) which is
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(ii1) Existence of solutions of the model

(iv) Equilibrium points of the model: Disease free equilibrium points, endemic equilib-
rium points

(v) Basic Reproduction number

(vi) Stability analysis of equilibrium points: Local stability of disease free equilibrium

point and Global stability of endemic equilibrium point.

2.3.1 Positivity of solutions

In order to show that the model is biologically valid, it is required to prove that the
solutions of the system of ordinary differential equations are positive and bounded for all

time t [4]

Theorem 2.3.1.1 (Positivity). Solutions of the model equations together with initial
conditions S(0) > 0,E(0) > 0,1(0) > 0,R(0) > 0 are always positive. That is, the model

variables S(t),E(t),1(t),R(t) are positive for all t and will remain in R%,

Proof: Positivity of the model variables is shown separately for each of the model
variables,S(1),E(t),1(t), &R(t).
Positivity of S(¢) :
The model equation given by ‘é—f = A+pR(t) —aS(t)I(t) — 6S(t) — uS(t) can be ex-

pressed without loss of generality, after eliminating the positive terms (A + pR(¢)) which
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are appearing on the right hand side, as an inequality as

B> —(al+8+p)S(t).

Using variables separable method and on applying integration,

B> [—(al+6+p)dt

= In(S) > — (ol + & + u)t +C; ,where C; is constant of integration.
= In(S) > —(al+ 6+ u)t

taking anti-log on both sides, the solution of the foregoing differential inequality can be

obtained as S(r) > e~ (#/++H)r

Recall that an exponential function is always non-negative irrespective of the sign of the

exponent, hence it can be concluded that S(z) > 0

Positivity of E(z) :
The model equation given by ‘fi—f =oaS(t)[(t)—BE(t)— OE(t) — LE(t) can be expressed
without loss of generality, after eliminating the positive terms (S(7)I(¢)) which are

appearing on the right hand side, as an inequality as

> —(B+8+WE(®).

Using variables separable method and on applying integration,

JE = [~(B+8+n)dt

= In(E) > —(B + 8 + u)t + C, ,where C; is constant of integration.
— In(E) > —(B+5+ )

taking anti-log on both sides, the solution of the foregoing differential inequality can be
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obtained as E (1) > e~ (B+o+m),

Recall that an exponential function is always non-negative irrespective of the sign of the

exponent, hence it can be concluded that E(z) > 0

Positivity of I(¢) :
The model equation given by 4 = BE(t) — yI(t) — 81(t) — nI(t) can be expressed with-
out loss of generality, after eliminating the positive terms (BE(¢)) which are appearing

on the right hand side, as an inequality as

> (y4+8+u)S(t)

a =~ H -

Using variables separable method and on applying integration,

JE > [—(y+6+p)di

= In(I) > —(y+ 0 + u)t +C3 ,where C; is constant of integration.
— In(l) = —(y+5+u)t

taking anti-log on both sides, the solution of the foregoing differential inequality can be

obtained as (r) > e~ (Y++1)r,

Recall that an exponential function is always non-negative irrespective of the sign of the

exponent, hence it can be concluded that I(r) > 0

Positivity of R(¢) :
The model equation given by % =YI(t) — pR(t) — OR(t) — UR(¢) can be expressed with-

out loss of generality, after eliminating the positive terms (I(¢)) which are appearing on
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the right hand side, as an inequality as

R>—(p+8+u)R().

Using variables separable method and on applying integration,
JR>[—(p+8+up)di

= In(R) > —(p + 6 + u)t + C4 ,where Cy is constant of integration.
— In(R) > —(p+5+u)r

taking anti-log on both sides, the solution of the foregoing differential inequality can be

obtained as R(r) > e~ (PHO+H)

Recall that an exponential function is always non-negative irrespective of the sign of the

exponent, hence it can be concluded that R(¢) > 0

2.3.2 Boundedness of solution

Theorem 2.3.2.1 (Boundedness). The positive solutions of the system of model equations

are bounded. That is, the model variables S(t),E(t),1(t)&R(t) are bounded for all t

Proof: Recall that each population size is bounded if and only if the total population
size is bounded. Hence, in the present case it is sufficient to prove that the total population

size
N=S(t)+E(t)+1(t)+R(t) isbounded forall 7 (2.5)

. It can be shown that all feasible solutions are uniformly bounded in a proper subset
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Qe Rﬁ where the feasible region € is given by

A
= 4' < °
Q= ($,E.LR) ERLN < () (2.6)

It is clear that the derivative of total population with respect to time t is given by

dN dS, dE dl, . dR

o E]JF[E%L[E +[E 2.7

Then summation of all the four model equations as follows:

4 — [A+pR— ST — 8S — S|+ [aSI — BE — SE — pE]+ [BE — yl — 81 — pl] + [yl —

PR — 8R — UR)]
— N = [A+pR— ST~ 35S — S| + (08T — BE — SE — UE] + [BE — Y — 81— pi] +
[ — pR—OR — UR]
which simplifies to
dN
E:A—(5+u)(S+E+I+R) (2.8)
N ‘;L;’ — A~ (8 +p)N() (2.9)

Now, A — (8 + ()N (t) > 0if A > (8 + p)N(t)

which is

A
B SN =S+E+I+R>0 2.10
G =N =19

- S(¢),E(t),I(t),R(t) > 0 (from Theorem 2.3.1.1) .
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Thus, it can be concluded that N(z) is bounded as it is shown that

A
(6+u)

0<N(r) <( )

Therefore, (ﬁ) is an upper bound of N(t).

Hence, feasible solution of the system of model equations remains in the region £ which

is positively invariant set.

Thus, the system is biologically meaningful and mathematically well posed in the domain
Q. It is sufficient to consider the dynamics of the populations represented by the model
system in that domain.

Therefore, it can be summarized that the model variables S(¢),E(¢),I(t),&R(t) are

bounded for all 7.

2.3.3 Existence of solution

Theorem 2.3.3.1 (Existence). Solutions of the model equations together with the initial
conditions, S(0) > 0,E(0) > 0,1(0) > 0,R(0) > 0 exist in R i.e. the model variables

S(t),E(t),1(t), &R(t) exist for all t.

Proof: Let the system of equations arranged as follows:
fi=A+pR—aSI—(6+u)S
H=aSI—(B+8+u)E
f3=BE—(y+dé+u)l
fa=yl—(p+S6+U)R
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According to Derrick and Grossman Theorem [11], let us now define the feasible region

Q that has been discussed under primarily results boundedness of the solutions,

Q= (S,E,ILR) e RY;N < (

6+u)

Then model equations have a unique solution if ( 9fi ), i,j=1,2,3,4 are continuous and
bounded in Q. Here,x; = S,x; = E,x3 = I,x4 = R, The continuity and the boundedness

are shown as follows:

Partial Differentiation,

for fi,
9 9
N car-s-p) =120 = @5+ <
%:0 %_o<
P
N as) = 12— as <o
Ifi dfi
= P :>|? Ip| <
for f5,
dfs ofy,
9 9
Lo psn = PR = B <
L_(as) = 2= jas| <=
%_0 %:0<
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for f3,
%:0 \% =0<
Bop =12 ip<
o y5ou B 25w <o
%:O |% =0<
for fa,
%:0 \% =0<
%:0 |% =0<
Wiy = 1P=m<
o psn = Y= (st <o

Thus, all the partial derivatives , (%),i7 j =1,2,3,4 exist, are continuous and
J
bounded in Q. Hence, by Derrick and Groosman theorem, a solution for the model exists

and is unique.

2.3.4 Equilibrium Points
Disease Free Equilibrium Point

Disease Free Equilibrium Points are steady state solutions where there is no disease in

the population. In the absence of the disease this implies that E(¢) = I(¢t) = R(¢t) = 0 and
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the right hand side of the model is equal to zero. Thus A — (8 4 1t )S = 0 which implies

S= 0 31 mE Thus, the disease-free equilibrium point of the model equation is given by,

E(S,E,I,R) = ( ,0,0,0)

A
(6 +4)
Endemic Equilibrium Point

Endemic Equilibrium Point E*(S*,E*,I*,R*) in the feasible region is a steady state
solution where the disease persists in the population. The endemic equilibrium point is
obtained by setting rates of changes of variables with respect to time in model equations

to zero. That is, setting

dS dE dI _dR

i R 2.11
dt dt dt dt 2.11)
The model equations can be written as the system of non linear equations
A+pR—oSI—aS=0 (2.12)
oSI—bE =0 (2.13)
BE —cI=0 (2.14)
YI—dR=0 (2.15)

Where,a=0+uUu,b=B+0+U,c=yY+0+ud=p+0+U
Solving these equations will give expression for / & R in terms of variable E as follows:
1.e;

BE—cI=0 (2.16)
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— ¢l =BE
— = (%)E 2.17)
substitute 7 = (2 )E in eq (2.15)
y(g)E—dR:O
B
dR—?’(Z)E
Y, Y\ /B
R= (3)1— (3)(;)]5 (2.18)

This expression could be re-written as

By

R:(dc

)E (2.19)

Now substitute in eq (2.13), so as to solve E which results

B

aS(EVE—bE =0
C

This can be arranged as

aS((§> —BE=0 (2.20)

However, E does not vanish, since the disease is assumed endemic and it is a
computation of non zero equilibrium point of the system. i.e, £ # 0
Thus the only meaningful solution is oS (ﬁ )—b=0

c

= aS(g) =b
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— aSP =bc

then after rearranging the terms, solution is given by the expression

. _ Ibd]
St = (2.21)
o]
Then substituting equations (2.19), (2.21) into (2.12) we get
By bc bc
FR(GE—a(g) —al5) ere(1 =1)
after some algebraic simplifications an expression for E* can be obtained as

aB*yp
Finally, substitution of E* will give expressions for /* & R* in terms of parameters

d(bc(a+a) — aBA)]

|
r= aByp

(2.23)

be(o+a) — afA|
aBp

R = [ (2.24)

Therefore the endemic equilibrium points computed above is given by

be] [de(be(o+a) — aBA)] [d(be(a+a)—aBA)] [be(a+a)— apAl

E*(S*,E*,I",R*) = ( ,

[aB]’ aBlyp ’ afyp
(2.25)

aBp

)
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2.3.5 Reproduction Number

The basic reproduction number represent the average number of new infections generated
by each infected person[4, 16, 12] .

Higher value of Ry implies fast disease transmission rate.

Smaller values of R implies slow disease transmission rate .

There are three options for the values of Ry

1. Rp < 1 means the number of new cases will decrease over time and eventually the

outbreak will end on its own.
2. Ry = 1 means the cases are stable.

3. Rp > 1 means the outbreak is self-sustaining unless effective control measures are

implemented.

To derive the general Reproduction number for the formulated model of Covid-19 under

the discussion of primary results.

where the letters notation a, b, c,d are given by

a=0+ub=B+0+pc=y+0+p,d=p+36+pu
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and hence, the basic Reproduction Number of the model would be

(aBA)
(6 +u)(B+0+u)(y+06+u)

Ro= (2.26)

2.4 Stability Analysis

In absence of the infectious disease, the model equations have a unique disease free

steady state Ej. It is shown that DFEP of model is given by Ey = (ﬁ,O, 0,0) .

Now local stability analysis of DFEP is presented in the following theorem and proved

with the help of next generation matrix.

Theorem 2.4.0.1 (Local Stability of Disease-free equilibrium points (LSDFEP)). . The
model equations are locally asymptotically stable at disease free equilibrium point

(DFEP) E,

Proof: Consider the right hand side expressions of the equations as functions to

compute Jacobian matrix.

ds
- =A+pR—asI—aS=[(S.E.L.R) (2.27)

E
‘il—t — aSI— bE = g(S,E,I,R) (2.28)
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dl

= BE—cI=h(S.E.LR) (2.29)
dR
— =1 —dR=K(S.E.I.R) (2.30)

wherea=0+u,b=B+0+u,c=y+6+u,d=p+96+u

Compute the Jacobian matrix of functions (f,g, s, k) with respect to (S , E, I, R) is

given by

J(S,E,I,R) =

At Ey=(+2-,0,0,0)

(0+u)

J(S,E,I,R) =

of af f of]
JE JdI OR
J

we get,
—a 0 -a(y) p
I —b a®) o0
—707070):
(6+u) 0 B S 0
0 0 Y —d

Then the eigen values of J(Ey) are computed from characteristic equation
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| J(Eg) — AI |= 0.
—a—21 0 —al p
0 -b—-24 o
e :0
0 B —c—A 0
0 0 Y —d—A
—b—1 ad 0
= (—a—A)| B —c—A 0o |=0
0 Y —d—A
(c—A) 0
= (—a—A)(-b—A) =0
v (-d—2)
— (—a—A)(-b—A)(—c—A)(—=d—A1)=0
— —a—A=0= A =—a
&—b—A=0=— AL =-b
&—c—A=0 = A3=—c
&—d—A=0 = M =-d
Thus the four eigen valuesare Aj =—a, Ay =-b, A3=—-c, A=-d

Therefore, it is concluded that the Local Stability of Disease Free Equilibrium point

of the system of differential equations is locally asymptotically stable because all the
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eigen values are negative.

The Global stability Analysis of endemic equilibrium point E*(S*, E*, I*, R*) is stated

in the following Theorem and proved by taking appropriate Liapunove function.[4, 16]

Theorem 2.4.0.2 (Global Stability of endemic equilibrium point (GSEEP)). The endemic

equilibrium point E*(S*,E*,I*,R") is globally asymptotically stable.

Proof: Let

S_s*Z E_E*Z 1_1*2 R_R*Z
L(S,E,I,R):ml( 7 ) +m2( 7 ) +m3( 5 ) +m4( > ) (2.31)

differentiate with respect to t

dL ds dE dI dR
ot _ _s =2 E—E*)— [—T") = R—R")— 2.32
- mi(S—S )dt+m2( )dt +m3( )dt+m4( )dt (2.32)

Substitute the model equations
% =m(S—S*)(A+pR—aSI—aS)+my(E—E*)(aSI —bE)+m3(I—I")(BE —cI) +
my(R—R*)(y - dR)

Take out S,E,ILR and put as change

L — 1y (S —S$*)(S — SH)[(ALRY — al — a) + ma(E — E*)(E — E*)[(%]) — b] +m (I -
Y —19)[(BE) — ]+ ma(R—R*) (R — R*)[(%) - d]

By rearranging and take out negative sign from the bracket it could be otained as
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AL — ) (S—8*)2[—(2LRY el a] —my(E — E*)2[— (%) 4 b) —ma (1 — 1) [— (BE) +

S
c] = my(R—R*)*[~ (%) +d|

Thus it is possible to set my,my,m3, my as non-negative integers such that % <0 and

endemic equilibrium point is globally stable.

2.5 Conclusions

In this Paper, SEIRS mathematical model describing the dynamics of COVID-19 is
formulated and analyzed. The model is developed based on biologically reasonable
assumptions. The mathematical analysis has shown that if basic reproduction number is
less than one, then number of cases decrease over time and eventually the disease die
out, and if the basic reproduction number is equals to one, then cases are stable. On the
other hand, if the basic reproduction number is greater than one then the number of cases
increase over time gets worse, and the disease continue to spread more rapidly.

Moreover, Existence, Positivity and Boundedness of the solution of the model is shown
to clarify the model is biologically meaningful and mathematically well posed. Stability
analysis of the model is checked by computing the Jacobian matrix and its eigen values

and the global stability are proved by taking appropriate liapunove function.






Chapter 3

REVIEW OF SEIQR MODEL

3.1 Introduction

Mathematical models are useful to understand the behavior of an infection when it enters
a community and investigate under which conditions it will be wiped out or continued.
Currently, COVID-19 is of great concern to researches, governments, and all people
because of the high rate of the infection spread and the significant number of deaths that
occurred. This paper deals with the SEIQR model i.e, Susceptible - Exposed - Infected
- Quarantined - Recovered Model[25]. This paper helps us to under the Importance of
Isolating or quaranining the COVID-19 patients. By Isolation, futher transmission can
be stopped to a certain extent. Isolation can be done in the house(for the ones having
mild symptoms) and in the hospitals (for the ones having severe symptoms) . Now let us

study the SEIQR Model.[20, 3, 21]

35
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3.2 Mathematical Model Formulation

3.2.1 Assumptions

1. The total population is divided into five Compartments, namely,

* Susceptible Compartment §

* Exposed Compartment £

Infected Compartment /
* Isolated / Quarantined Compartment Q

* Recovered Compartment R

2. Human to Human contact is the potential cause of outbreaks of COVID-19.

3. Interaction between the Exposed population and Infected population with the

susceptible population leads to rise in the number of cases.
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4. Exposed and Infected make contact with susceptible individuals in the same rate.

5. The Infected individuals and the Exposed individuals (i.e, individuals showing no
symptoms apparently but have the disease in weak form inside their bodies) must

be sent to Isolated Class in different rates.

3.2.2 Model Diagram

The Model Diagram is shown in figure :

Exposed

Susceptible Isolated

Figure 3.1: Model Diagram
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v

<
3
o3
S
o
»

Description

Susceptible Population

Exposed Population

Infected Population

Isolated Population

Recovered Population

rate at which COVID-19 patients transfer from Compartment S to E & I

rate at which COVID-19 patients transfer from Compartment E to I

rate at which COVID-19 patients transfer from Compartment E to Q

rate at which COVID-19 patients transfer from Compartment I to Q

rate at which COVID-19 patients transfer from Compartment Q to R

=l q|R|3 || =~ w

Natural Death Rate

Table 3.1: Symbols and Description

3.2.3 Model Equations

ds(t)

BU) — A~ us0) ~BW)SOEE) +10)) G.1)
U Bv)S(e) (E @) + 1) ~ 7E) — (u + DEQ) (32)
A 2e(0) (04 w100 (33)

RO _ 1)+ 01) - (0. m)O() G4

) — 60) - k() (33)

As the first four equations are independent of R(z), so omit without generality the

last equation for R(z) and the modified system becomes
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U Bv)s(e) (E@) + 1) ~ 7E() — (1 + DEQ)
d;_(;) =nE(t)— (o +u)i(r)
dQ(r)

. =TE()+ol(t)— (8 +1)0()

For system, let N = %,s = Ziv,e = 1%,1 = ]%,, and g = 1%, and rescale the system to get
the normalized form.
ds .
= 1—us—PBNs(e+i) (3.6)
de .
= BNs(e+i)— (x+u+7)e (3.7)
di
d—; = 7te— (0 + )i (3.8)
d ,
T —yetoi—(0+n)g (3.9)

with the initial conditions, s(0) =59 >0, e(0) =¢0 >0, i(0) =iy >0, g(0)=¢go>0

3.3 Model Analysis

3.3.1 Positivity of solution

Theorem 3.3.1.1. Under the initial conditions, all the solutions (s,e,i,q) of the system

remain non-negative fort > 0
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Proof: Positivity of the model variables is shown separately for each of the model

variables,s, e, i, &q.

Positivity of s :
The model equation given by % = 1 — us— BNs(e+1i) can be expressed without loss of
generality, after eliminating the positive terms (1) which are appearing on the right hand

side, as an inequality as
& > —(u+PBNs(e+1i))s.
Using variables separable method and on applying integration,
d .
S > [—(u+PBNs(e+i))dt
= In(s) > —(u+ BNs(e+i))t +k; ,where k; is constant of integration.
= In(s) > —(U+BNs(e+i))t

taking anti-log on both sides, the solution of the foregoing differential inequality can be

obtained as s > exp(—(u + BNs(e+1))1).

Recall that an exponential function is always non-negative irrespective of the sign of the

exponent, hence it can be concluded that s > 0

Positivity of e :
The model equation given by % = BNs(e+i) — (mr+ 1+ y)e can be expressed without
loss of generality, after eliminating the positive terms (BNs(e +i)) which are appearing

on the right hand side, as an inequality as

de > —(m+u+7)e.
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Using variables separable method and on applying integration,
d
J¢ =z —(m+p+yd
= In(e) > —(mw+ U+ ¥)t + ky ,where k is constant of integration.
— In(e) > —(m+u+7y)t

taking anti-log on both sides, the solution of the foregoing differential inequality can be

obtained as e > exp(— (T + L+ y)1).

Recall that an exponential function is always non-negative irrespective of the sign of the

exponent, hence it can be concluded that e > 0

Positivity of i :
The model equation given by % = me — (0 + W)i can be expressed without loss of gen-
erality, after eliminating the positive terms (7e) which are appearing on the right hand

side, as an inequality as

di > (o +p)i.

Using variables separable method and on applying integration,
J 4= [—(o+u)d

= In(i) > —(0 + w)r + k3 ,where k3 is constant of integration.
= In(i) > —(oc+u)t

taking anti-log on both sides, the solution of the foregoing differential inequality can be

obtained as i > exp(— (0 + u)t).

Recall that an exponential function is always non-negative irrespective of the sign of the
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exponent, hence it can be concluded that i > 0

Positivity of g :
The model equation given by Z—t = Ye+ oi— (0 + W)q can be expressed without loss of
generality, after eliminating the positive terms (e + i) which are appearing on the right

hand side, as an inequality as

QU

@ = —(0+u)g.

Using variables separable method and on applying integration,
dq _

I3 == (0+p)dr

= In(q) > —(0 + u)t + k4 ,where k4 is constant of integration.

= In(q) > —(6+u)

taking anti-log on both sides, the solution of the foregoing differential inequality can be

obtained as g > exp(—(6 + u)t).

Recall that an exponential function is always non-negative irrespective of the sign of the
exponent, hence it can be concluded that ¢ > 0

Therefore we have s > 0,¢>0,i>0& g >0

3.3.2 Boundedness of solution

Consider the total population

N'(t)=S@k)+E(t)+1(t)+ Q1)

dN'(t) __ dS dE dI do
V() _ dS() | dEG) | dif) | d0()

dt dt
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N — 1 — s — BNs(e+i)+ BNs(e+i) — (T+ L+ 7)e+ Te — (0 + )i+ ye+ Gi—
(6+u)g

D000 — g s~ BNske )+ BNskeFT) — e — e — ye-+ e — T~ i+ ye+ 7
(6+u)q

%&):u ps— e —pi— (0 +u)g

W~y —p(s+etitq)—8g

dN()—N UN' — 0q

dM()>LL unN’

(w%)<‘t unN’

Now solve using variable separable method

dN'(t)
(L—uN")

< dt
dN'(t)
Integrate, | =Tl < [dt
In #:—W <t+4c
u

—In (g —uN'") < pt+pce
In(p—pN')~" <prpe
take anti-log on both sides,

(/J —,LLN')_I < elHt+uc)

= < Cet

(- uNW

- uu“ lu“N/ Ceﬂt
—ut
= U —UN'>

e M

— —uUN'> —u+%5
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N
< B _
— N =~

: /<E_e_“’
e M
om

— N'<1-

= N'(t) <1-Cie ™ where C| =

Att=0,N'(r) = N'(0)

= N'(0) <1—Cje O

— N'(0)<1-C

— N'(0)—1< —C

— N(0)—1<—C <C

— N(0)—1<C

= —(N(0)-1)= -G

— —(N'(0)—1)e M > —Cje

— 1—(N(0)—1)e ™ >1—Cre ™

— N()<1-Cre ™ < 1— (N'(0)—1)e

= N'(1) <1—(N'(0)—1)e ™
= N'(t) <14+ (1—-N'(0))e ™

It is clear that,

limN'(1) < 1

o0

and thus N'(¢) is bounded with N'(r) < 1.

Cu

ut

REVIEW OF SEIQR MODEL
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Hence, we can see that the feasible region of model is

Q= ((S,E,[,Q) cRY : N =S+E+14+0<1) (3.10)

which is positively invariant region.

3.3.3 Existence of solution

The existence and uniqueness of solution of model can be proved by Derrick and Groos-

man theorem [11].

The model subject to non-negative initial values has a unique solution in € for all
t>0

The right hand side of the model can be written as follows:

g1 =M —Us—PBNs(e+i) (3.11)
g =PBNs(e+i)— (T+u+7)e (3.12)
g3=Te— (04 )i (3.13)
ga=7Ye+oi—(0+U)g (3.14)

Suppose that x; = s,x) = e,x3 = i,X4 = q.

partially differentiate g, 2>, g3, g4 With respect to xy,x,x3,x4
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P . d ;
W=(u-BNEe+i) = =] n - BN(eti) <
d d

% — —BNs = %] = |- BNs|

dg _ ofi| —

%= (-BN) = |%L|=|-BN|<eo

a1 _ |ag1|_

% — BNe+BNi = |%82|=|BNe+BNi

d d

B =BNs—m—pu-y = [52|=|BNs—m—pn—v|
%2 —BNs = 92| =|BNs|

Moy = %=y

2 2
St=0 = |5 =|0|

d d
S=—(0+n) = |5=]-(0+p)
Then, it can be shown that 2 a L is continuous and |ag, | <o foralli,j=1,2,3,4

.". Based on Derrick and Groosman theorem the system satisfies Lipchitz’s condition.

Hence the model has a unique solution.
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3.3.4 Equilibrium points
Disease Free Equilibrium Point

As the name suggests, Disease Free Equilibrium Point or Virus Free Equilibrium means

thate=0,i=0,g=0

ds
20
dt
— u—us—PBNs(e+i)=0
Substitute e =0,i =0, = 0 in the above equation
U—pus—PBNs(0+0)=0

p—ps—BNs(0) =0

f—ps=0

Therefore the Disease Free Equilibrium Point is

Py =(1,0,0,0) (3.15)
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3.3.5 Reproduction Number

Now we find the Basic Reproduction Number R . Consider the following Matrices[13]

BNs(e+1i)
0

F =

e+ Ue+ Ye
we—(o+ )i

Now we Calculate Jacobian of F and V at Py = (1,0,0,0)

BN BN
0 0

F =

T+u+y 0

- o+Uu

Now let us calculate V!

= |[V|=(r+u+y)(c+u)

(3.16)

(3.17)

(3.18)

(3.19)
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o+u 0
adj(V) =
T T+u+7y
S 1 o+u 0
o+u 0
vyl = | (mruty)(o+u)
T T+u+y
(m+u+y)(o+u)  (a+u+y)(o+u)
_ oty 0
vyl = | (mruty)lo+my
T (7).
(mtuty)(o+u)  (a+p7)(0+u)
: 0
vl = (m+p+7)
T 1
(mtu+y)(o+u)  (o+u)
1
Fvl = ﬁN ﬁN (T+p+7) 0
T 1
0 0 (mtu+y)(o+u)  (o+u)
Now we use Matrix Multiplication and simplify,
BN BaN BN
gyl — | (@tpty) © (mtuty)(o+p)  otu
0 0
Next find Eigen Values,
IFV ' - A1 =0
BN BN . BN
— ((n+u+7) + (7r+u+7)(0+u)) A oHL| _
0 —A
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BN BrN

= (Gvay T ararne T

)= A)(~1)—0=0

- B BN BrN
== L =0 & 12_((71;4_“4_}/)—'_(7:—1-#%—7)(0'4‘“)

)

To Compute Ry we have to find the Spectral radius of the next generation matrix so we

find the Eigen Values,

(Spectral Radius is the maximum of all the eigenvalues of next-generation matrix.)

“Ro=p(FV™Y) =max(A, %)

BN n BrN
(T+u+y) (r+u+y(o+u)

Ry = ( )

Simplify
BN T

Ro— i
=ty o

Hence we get,
ot+u+mw

Ro= PN T o+ )

(3.20)

3.4 Stability Analysis

Theorem 3.4.0.1. The system is locally stable related to disease-free equilibrium point

Py, Ry < 1 and unstable if Ry > 1.
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Proof: For local Stability at P, the Jacobian of the normalized system is

—u —BN —BN 0
I 0 —-BN—m—u—vy BN 0

0 T —(o+u) 0

0 Y c —(0+n)

Using Block Matrix Technique to find eigen values,

Block 1:
—u—A=0
= A = —u<0
Block 2:
—(0+u)—242=0
— L=—(0+u)<0
Block 3:

~BN-z—p-y BN
T —(o+u)

Trace(Jg) = (—BN—nm—u)+ (-0 —u)

Trace(Jg) =—BN—m—pu—0c—u

Trace(Jg) = —BN—m—0—2u

51

(3.21)

(3.22)
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—BN-mw—p—-y BN
T —(o+u)

Det(JR) =

Det(Jg) = (=BN =T —p—7)(=0 —u) — (BN)(x)

Finding Eigen values using the Trace and Determinant of Jg
A% —Trace(Jg)A + Det(Jg) =0

e, A~ (=BN—7m—0—2)A+(~BN —m—p—7)(~0 — ) — (BN)(m) =0
Using the quadratic formula to find roots (here, 1)

B —b++Vb?—4ac

A 2a

i.e,

g —(BN—m—0-2)+ (PN —0—-20)’ —4(1)((=PN -7 —p —7)(=0 — 1) = (BN)
2(1)

P ~(-BN-m—0-2p)£/(-BN - —0—2p)> —4(1)((-BN -~ —y)(-~0 — ) — (BN)
2(1)

(3.23)

The Eigen Values A3 < 0,44 <0if Ry < 1.
Since all the eigen values are negative, the system is locally Stable.

It is unstable if Ry > 1
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Endemic Equilibrium Point or Positive Virus

There exists a unique positive virus equilibrium point P* = (s*,e*,i*,¢*) for system , if
Ro > 1[18]

Let the RHS of the model equations be equal to 0

U—pus—PBNs(e+i)=0

BNs(e+i)— (m+pn+7y)e=0
te—(c+un)i=0

Ye+oi—(0+u)g=0

After solving this system we get

s L

s = Ry (3.24)
o EH(R() - 1)
" T BN(rto+p) (3.26)
. _Mo+w+7o, -

T(6+pu)
notice that from the value of i* , it is obvious that all the values of s*,e*, g* are all positive

if Ry > 1

Theorem 3.4.0.2. If Ry < 1, then the system is globally stable.



54 REVIEW OF SEIQR MODEL

Proof: For the proof of this theorem, first, we construct the Lyapunov function L as

follows,

N (3.28)

Differentiating the above equation with respect to time and keeping the reality in mind

that Ry < 1 and 0 < s < 1, we obtained

dL _de BN di

dr — dr dr 3.29
dt dir  o+pdt (3.29)
substitute for 4¢ and 4
dL N N
I BNse+BNsi— (m+pu+7y)e+ GﬁT,u<n€) + Gﬁ—ﬂl(o%—u)i (3.30)
dL BN B

— =PBNse+BNsi—(n+u+7ye+

dL : BN :
= —ﬁNse—FﬁNSl—(ﬂ—i—,u—l—}/)e—kG_’_“(ne)—f—BNl (3.32)
< BNe— (n+pt+ e+ LN (me) (3.33)
- o+u
= (Ro—1)e (3.34)

Therefore, if Ry < 1, then % < 0, which implies that the system is globally stable

for Ry < 1
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3.5 Conclusion

In this work, we presented that isolation of the infected human overall can reduce the
risk of future COVID-19 spread. This SEIQR model shows that the coronavirus spreads
through contact and describes how fast something changes by counting the number of
people who are infected and the likelihood of new infections. Those new infections are
what induce the epidemic. For this reason, we think that this research may lead to better
guessing of the spread of this pandemic in the future. This paper is devoted to implement
the coronavirus mathematical model containing isolation class. The reproductive number-
related stability is discussed, which showed the impact of interaction of infected people
to susceptible population and proved graphically and analytically that if we control this
contact rate, the control of the current disease is possible, otherwise. State and territory
governments have different restrictions in place for public gatherings. Therefore, citizens
need to follow the directions from time to time to minimize the health risk. The more the

isolation, the lesser will be the transmission.






Chapter 4

REVIEW OF SEIQRD MODEL

4.1 Introduction

In this article we learn the about the Model Formulation and Model Dynamics of
another COVID-19 model.[9] Currently COVID-19 is attracting the attention of various
Mathematicians, researchers, Scholars government and general public due to its high
rate of disease transmisson and high number of deaths[22, 15]. As yet no medicine is
found to cure this disease. Many Mathematical Models are formulated to understand
the disease and take proper preventive measures. The SIR model is one of the simplest
mathematical model that has been formulated to study any disease. Several investigations
of COVID-19 SIR models have been studied in [17, 2]. Many Compartment Models
have been formed and modified to give accurate results and predictions.[19, 10, 8]. Now

let us study the SEIQRD model.
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Name: A SEIQRD Epidemic Model to Study the Dynamics of COVID-19
Disease
Journal: Communication in Mathematical Biology and Neuroscience (Published by
SCIK Publishing Corporation)
Authors: Isnani Darti, Trisilowati, Maya Rayungsari, Raqqasyi Rahmatullah Musafir,
Agus Suryanto

https://doi.org/10.28919/cmbn/7822

4.2 Model Formulation

4.2.1 Assumptions

1. The total population is divided into 6 compartments, namely,

* Susceptible Class S
* Exposed Class E

* Infected Class I

¢ Quarantined Class Q

e Recovered Class R

Death Class D

2. COVID-19 disease has Latency or Incubation Period. Hence the Exposed Class

E is included. Those people who have been infected but have not exhibited any
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disease symptoms and cannot transmit the disease are included in the Exposed

Class.

3. Quarantined Class Q cannot spread the disease to others as they have lost contact

with the susceptible people.

4. COVID-19 transmission occurs only when there is contact between susceptible

people and infected people with transmission rate being standard incident rate.

5. Deaths due to COVID-19 disease is considered in this model.

6. Recovery is seen in both infected and quarantined population.
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4.2.2 Model Diagram

_A Susceptible () BTN Exposed (E)

Hy Y| Ry

Figure 4.1: Model Diagram

4.2.3 Model Equations

The Model Equations are
=Ny s o
) _ gy~ (0 +0+6+wi(r) (4.3)



4.3 Model Analysis

with initial conditions S(0) > 0,E(0) > 0,1(0) > 0,R(0) >0

Parameters Description
A Recruitment Rate
B Infection Rate
U Natural Death Rate
Y Incubation Rate
o Quarantine Rate
0 Recovery Rate of |
o Death Rate of I induced by disease
% Recovery Rate of Q
K Death Rate of Q induced by disease

4.3 Model Analysis

4.3.1 Positivity and Boundedness

61

(4.4)

4.5)

(4.6)

In this section,the Non-negativity (Positivity) and Boundedness of solution of model is

proved to show that the model is epidemiologically meaningful.[5, 18]
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Theorem 4.3.1.1. All solutions of model subject to non-negative initial values are non-

negative and ultimately bounded.

Proof: First let us show the non-negativity of the solutions of the model.

Non-negativity of S :
The model equation given by ‘é—f =A-p % — uS(t) can be expressed without loss
of generality, after eliminating the positive term A which is appearing on the right hand

side, as an inequality as

a5 > —(BL+p)s.

Use variables separable method
4> —(BL+p)dt
Integrate,
Q> [—(Bg+u)dr
= In(S) > —(B &+ 1)t + M, ,where M; is constant of integration.
— In($) = —(B4 + )t

take anti-log on both sides, the solution of the foregoing differential inequality will be

obtained as S(f) > e~ (Bx 4,

Now recall that an exponential function is always non-negative irrespective of the sign of
the exponent.

Hence it can be concluded that S(z) > 0

Non-negativity of E :

The model equation given by ‘fl—lf =B SS(,)(It()Z) — (Y4 u)E(t) can be expressed without loss
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)

of generality,

which is appearing on the right

hand side, as an inequality as

4 > _(y+p)E

Use variables separable method

— In(E) > —(y+ )i

take anti-log on both sides, the solution of the foregoing differential inequality will be

obtained as E () > e~ (YR,

Now recall that an exponential function is always non-negative irrespective of the sign of
the exponent.

Hence it can be concluded that E(z) > 0

Non-negativity of [ :
The model equation given by 4 = yE(t) — (046 4+ 8 + 1 )I(t) can be expressed without
loss of generality, after eliminating the positive term YE (¢) which is appearing on the

right hand side, as an inequality as

Q.'&

—(6+0+35+u)l.

Use variables separable method

d'> _(6+0+85+u)dt

Integrate,
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JUL>[—(c+60+8+u)dt
= In(1) > —(0 + 6 + 8 + u)t + Mz ,where M3 is constant of integration.
= In(/) > —(c+0+5+u)

take anti-log on both sides, the solution of the foregoing differential inequality will be

obtained as /(1) > e~ (0 T0+0+u),

Now recall that an exponential function is always non-negative irrespective of the sign of
the exponent.

Hence it can be concluded that I(¢) > 0

Non-negativity of Q :
The model equation given by ‘fi—? =ol(t) — (v+ Kk + u)Q(t) can be expressed without
loss of generality, after eliminating the positive term /() which is appearing on the

right hand side, as an inequality as

QD> _(v+Kx+p)0.

Use variables separable method

% > —(v+K+p)dt

Integrate,
d
ng > [—(V+K+u)dt
= In(Q) > —(V+ Kk + u)t + My ,where My is constant of integration.
= In(Q) > —(v+x+pu)

take anti-log on both sides, the solution of the foregoing differential inequality will be

obtained as Q(r) > e~ (VKR
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Now recall that an exponential function is always non-negative irrespective of the sign of
the exponent.

Hence it can be concluded that Q(r) > 0

Non-negativity of R :
The model equation given by ‘fl—f = 0I(t)+ vQ(t) — LR(t) can be expressed without loss
of generality, after eliminating the positive term 61(¢) + vQ(t) which is appearing on the

right hand side, as an inequality as

dR

G = —HR.

Use variables separable method

R > —pde

Integrate,

J %= [ —ndt

= In(R) > —ut+ Ms ,where Ms is constant of integration.
= In(R) > —put

take anti-log on both sides, the solution of the foregoing differential inequality will be

obtained as R(t) > e M.

Now recall that an exponential function is always non-negative irrespective of the sign of
the exponent.

Hence it can be concluded that R(z) > 0

Therefore, S >0,E>0,1>0,0>0&R >0,
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Now let us prove Boundedness

NOTE: Total Population is generally defined as the number of living humans.
So therefore the total population is obtained by adding up all sub-populations in the

model except the sub-population D

Consider the total population

N(t)=St)+E(t)+1(t)+0(t)+R(¢t)

dN(t dsS(t dE(t dl(t dQ(t dR(t
Vo) _ dS() 4B | dile) | O dR)

dt dt t

L = (A= B —uS) + (B — (v + 1E) + (YE — (0 + 0+ 8+ u)I) + (o — (v +

K+1)Q)+ (61+vQ—UR)
D) = A= B — S+ B — yE + UE + yE — of 81— 81—l + o1 — yG— K0 -

1Q+ 67+ y0d—uR
M — A~ u(S+E+I+Q+R) 81— xQ

AN — A — uN — 81— KkQ “N=S+E+I+Q+R

QU

N(t
dt

—

<A—uN

Now solve using variable separable method

dN(1)
) < 4t

Integrate, [ (/‘\H_V—g)N) < [dt

In

A—UN
=7 <t+c
—In(A—puN) < ut+uc

In(A—uN)~' <ut+puc
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take anti-log on both sides,
(A—uN)~" < elutue)

1 t
S S u
— (A=iN) <Ce

= A—uUN> -tz

e M

— A—UN> o

— —uUN> A+

e M

— UN < A-— c

— N<A_ M
N—u Cu
— N(t) < % —Cre M where C; =

CIC)

AN
|

0

~~
=
|

= EE ERE o= =>
VAN
|
Q

(0)
(0) -

(N(0)—£) > —Ci

IA
|
a
IA
a

A
L oz oz oz oz oz

(N(0) — B)e# > —Cre

A A A —ut
— 4 (N(0) “)e 2“ Cie
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— N(1) < B4 (4 - N(0))e

It is clear that,

A
limN(r) < —
t—yoo u
and thus N(r) is bounded with N(r) < 4.

Hence, we can see that the feasible region of model is

= A

which is positively invariant region.

4.3.2 Existence And Uniqueness of Solution

The existence and uniqueness of solution of model can be proved using Derrick and
Groosman theorem[11],which states that if Lipchitz’s condition as in Definition 1 is

satisfied, then the solution of the model exists and is unique.

Definition 1: f in system satisfies Lipchitz’s condition in Q C ]Ri if there is a

positive con stant k such as
1F (X))~ FEI < kIXi —Xa|| VX1, X2 € Q (4.8)

The following theorem guarantees the existence and uniqueness of solution of model .
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Theorem 4.3.2.1. The model subject to non-negative initial values has a unique solution

in Q forallt > 0.

Proof: The right hand side of the model can be written as

fi= A—BS%(;) ~ uS(0) 4.9)
fr= BS%Y) — (Y +WEQ) (4.10)
f3=YE(t)— (6 +0+8+ () 4.11)
fa=ol(t)— (v+K+p1)0(t) (4.12)
fs=01(t) +vO(t) — uR(z) (4.13)
fo=0I(t)+xQ(t) 4.14)

Suppose that x; = S,xy = E,x3=1,x4 =0 & x5=R.

partially differentiate f1, f2, f3, f4, f5, f¢ With respect to x1,x2,x3,X4,X5

dJ I d 1
W=Ch-w = ==l
Um0 ==

d af

B=(BY) = 1% =1-Byl <~

ofi _ Ifi| —
=0 = [T} =0<0
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S| < oo
1= 1Bl

| .

f—

N)

b — (ﬁN

x3
oo
Ih| =0 <
X3 — |H -
I _ 8f2|:0
En :jrg
0

9fr _

x5

25 — |25 =0<
X1
0
o
%

| <o
+ 1)
(6+6+9
%W:W| wﬂ:|_

= |2 o

%?:y O+6+u)

%é_

I =0 <
Ifsi _

X4

Ih|=0<
9B

—_— s (o]
X5 | x1
0 -
af4 =
X1

|ﬂq:0
x

f—

fs _ 0

A2

< o
L= |o|
af4:O-
X3

< oo
(V+x+u)
Lel=1-

=

(V+Kx+u)

ofa _ _

X4

af4|:0<
9f4:()

x5

9| =0 <
Is _ ¢

X1

|ﬂqzo
X2

—

Ifs _

X2

< o
Us| = |g|
95 _ g

X3

—= — < o
— |%5| = |v|
2L
Is _y
X4

—= —=2 < oo
—
26| =
—_—>
—u
afS:
X5

X5
(o]
|ﬂﬂ:0<
— X
0
fo
e

|ﬂq:0
X2

f—

s _

A2

< o
2l =19]
s _ §

X3
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Bomk = %=kl <
X4

X4

Afs Ife| —
x—;_O :>]x—56\—0<oo

Then, it can be shown that % is continuous and |%| <ooforalli=1,2,....6 & j=
J J

1,2,...,5

.". Based on Derrick and Groosman theorem the system satisfies Lipchitz’s condition.

Hence the model has a unique solution.

4.3.3 Equilibruim Points

LetX = (S,E,I1,Q,R)”

Set
DX(t) = .
=0 ,0=1(0,0,0,0,0)
we get
dl
- =0 (4.15)
= YE(t)— (0 +6+6+u)i(t) =0
— E(1) = ((HQJ;‘S“‘)I(;) (4.16)
g
5—0

= ol(t)—(v+x+u)Q(t)=0

= ol(t) = (v+Kx+un)0(r)
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__°
(V+Kr+u)
dR

=0

dt

= Q1) = (1) 4.17)

= 0I(t)+vQ(t)— uR(t) =0

= UR(t) = 0I(t)+vO(r)

_6I(t)+vO(r) @.18)

R(t) = (4.19)

B0

N —(Y+RE{l) =0

Substitute eq (4.16) in above equation

. BS)I(t) (y+u)<(6+6+6+u)

5 : )(1) =0

:i(@gQ_W+u%c+0+5+w

N 14
BS()

— IZOV(T—(Y‘HL)

(1) =0

(6+60+06+u)

)=0
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IfI=0,thenE=0,0=0,R=0
Also,
dN
10
dt
= A—uUN-38I—-xQ=0

= A—uN=0

and

N=S+E+I+Q+R

A
—> = 5+0+0+0+0

A
U

If1#0

(c+604+6+u),
T—(Y+H) y )=0

A&:W+HXG+9+5+WN,
By

Now,
dN
i
dt

= A—uUN-30I-xQ=0

73



74 REVIEW OF SEIQRD MODEL

= UN=A-08I—«Q

A—8I—xQ
u
A— 01— K((V+K+u)](t))
u
— (6 =K (eI (@)
u

:}N:

:}N:

iN:

Substitute S in ‘é‘f =0

i.e, Substitute S in A — ﬁSI —uS=0

(Y+u)(o+6+6+u)
By

i A_EQW+HXG+9+5+M

N)=0

(Y+u)(c+6+6+pu)
By

W+HXG+9+5+H%L#“W+HXG+9+5+M
Y By

BI (y+u)(c+60+8+u) .
N% By N) —

— A—

N)=0

= A—( N)=0

(vy+u)(o+6+6+u)
% 1=

(y+u)(o+0+8+u) (A= (8 —Kk(Grrm))I()
By u

= A—(

1o

) =0

(y+u)(o+0+0+pu)
Y =

y67+”x6+9+5+“)( — (0 =K (Fregm))M @)
By W

= A—(

)=0
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(Y+u)(c+6+6+pu)

Y

(o +0+3+mA=6—x(Eg))
By N

= A—(

-

= A—(

y By
(y+u)(o+0+3+u)(o+ K(m)) o
By
(y+1)(0+0+6+1)A A
= By
(r+1)(0+0+6+1) (54K () (y+u)(c+0+8+4)
By B Y
(Y1) (0+6+8+1)A—BYA
_ By
= = e e s W B R (S ) () (0054 )P
By
(r+u)(0+6+5+1)A—BYA
= I =

(r+1)(0+60+6+1) (6+K (7)) —(v+1) (0+6+6+1)B

(v+u)(c+0+86+u)A—BYA
(r+1)(0+0+0+1)(0+K( ey ) — (rH1) (0+6+0+u)B

Denote I to be I*

:}I:

. (y+u)(o+0+6+u)A—ByA

(y+u)(o+9+6+u))1_ (y+u)(o+9+6+u)/\+

(Y+u)(0+60+8+u)(6+K(qrgm)) — (r+1)(c+6+6+u)B

Now substitute /* in eq (4.16), (4.17), (4.18) to get S*, E*, Q*,R*

(Y+u)(c+6+6+pu)
By

S= N

75
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(y+u)(o+6+8+u) A= (0 —k(Gram))I)

0T By ( T
::S:(%HUW+9+5+WA_
Byu
((7+ 1) (o +6+06+u) (8 + k(G
Bryu

denote S as S*

Sﬂ:W+HXG+9+5+NVY—W+HXG+9+5+MX5+QH$@QV*

Bryu

(C+0+5+u)r
Y
(o2

T Viktp
eI +vor
u

E* =

*

Q*
R*

.". The Disease free equilibrium point is
0 0 : 0 A
E” = (5",0,0,0,0) with §° = —
u
and the Endemic Equilibrium point is

E* = (S"E*,I",Q",R") with S*, E* I",Q",R"are given as above
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4.3.4 Basic Reproduction Number

One of important epidemiology metric is the basic reproduction number (R°), which
measures the contagiousness or transmibility of infectious agents[4, 1].
The Reproduction Number can be determined by the next generation matrix method. For

that aim, consider

Z=(E,1,0)"
then we have
dz
== —¥(Z
= F(2)-1(2)
where
Bt (y+u)E
F(Z)=1 0 and — V(Z)=| —yE+(c+0+5+u)l
0 —ol+(v+x+u)Q

The Jacobian Matrices of .% and ¥ evaluated at E¥ are respectively given by F and

V as follows:

0 B O Y+Uu 0 0
F=10 0 0 and V=1 -y o0+6+d+u 0
000 0 -y V+K+U

Now we use the next generation. The next generation matrix is given by FV !

First let us find V!
_ 1 :
vl= m(adj(v))
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Y+ u 0 0
VI=| -y o6+6+6+u 0
0 -y V+K+U

= |V|=(y+u)((c+0+6+u)(v+x+u)—0)—0+0
— |V|=(y+u)(c+0+6+u)(v+x+u)
Now finding adjoint of V
+An| —|An| +As]

Adj(V)=|—|Az| +|A2n| —|A2]

+|Az1| —|Az| +|As;]

Let us calculate the minors

+A|=(0+0+0+u)(Vv+rx+u)
—[An|=-(=n(V+Kr+u) =NV +r+u)
+|Aj3| =08
—|Ay| =0
FlAn| = (r+u)(v+x+u)
—|Ax| = —(=0)(v+u) = (6)(r+ 1)

—|—|A31| =0
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—|A3] =0

+Azs| = (y+u)(v+x+u)

therefore,

T
(c+0+0+u)(v+x+u) Mv+r+u) (o)
Adj(V) = 0 (Y+u)(v+K+u) (o)(y+u)
0 0 (Y+u)(v+K+u)
(C+60+8+u)(v+Kr+u) 0 0
i.e,Adj(V) = NV +Kx+4) (Y+)(v+Kx+4) 0
od (o)(y+u) (Y+u)(v+x+u)
Now, V~! = ﬁ(Ad iv)
(6+60+6+u)(v+x+u) 0 0
1
[ o [ s Ty virtp)  (rmvirsp) 0
od (o) (v+u) (Y+u)(v+Kr+p)

(0+60+0+u)(v+x+u) 0 0
(v+u)(o+0+0+u)(v+x+u)  (y+u)(o+60+6+u)(v+r+u)  (v+u1)(0+0+0+u)(V+x+1)

= (N (v+r+u) (ru)(v+rtu) 0
(r+u)(o+0+6+u)(v+x+p)  (y+u)(o+0+6+u)(v+x+u)  (y+u)(o+60+06+u)(v+x+u)

cd (0)(y+nu) (r+u) (v+k+u)
(r+u)(o+0+6+p)(v+r+u)  (v+u)(o+0+0+u)(v+k+pu)  (y+u)(0+0+5+u)(V+r+1)

(7+1) (O8I (VHKFTT)
= (V) (vr] (VARSI 0
(Y+1)(0+0-+8+u) (V)  [pH](0+0+5+1)(vEk+T)
D) (o)) L] (v

(r+u)(o+0+6+u)(v+rt+u) A (o+0+0+u)(vrk+u) () (o+60+6+1) (VbiesTT)
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1
(y+u) 0 0
-1 Y 1
v (y+u)(o+6+06+u) (0+6+6+u) 0

oY o 1
(y+u)(o+6+06+u) (o+6+0+p)(v+x+u) (v+x+pu)

Now let us calculate FV !

1
0B 0 (r+u) 0 0

1 _ Y S S
FV==10 0 0| | grwrersrm (C+6+5+H) 0
000 or 1

(y+u)(c+6+6+u) (G+9+5+Z)(V+K’+/J) (v+k+pu)

Now we use Matrix Multiplication and get

By B 0

(y+u)(c+6+0+u) (0+6+6+u)
Fv—!= 0 0 0
0 0 0

To Compute Ry we have to find the Spectral radius of the next generation matrix so we
find the Eigen Values,

(Spectral Radius is the maximum of all the eigenvalues of next-generation matrix.)

IFV-'— A1 =0
By -2 B 0
(y+u)(c+6+8+p) (6+0+5+u)
— 0 -1 01(=0
0 0 —A
— Py ~ (A =0

(y+u)(c+6+8+u)
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By
(v+u)(c+6+5+u)

:>7Ll=7tz=0&l3:( )

SRy = p(FV_l) =max(A1,A2,43)

By
Ro= A3 =
— R=b= e et
Therefore
R — By
0=
(Y+u)(c+6+6+pu)

We observe that Ry is inversely proportional to the infected sub-population 6 and the
quarantine rate ©.
The larger the value of 8 or o, the smaller the Ry value.

We see that I* can be written as

Y+ i — B

By
If Rp > 1, then CENICET EE RN
— f> WO o (619454 u)>6+0>5+0—E

Y V+K+U

p>6+0——
V+K+u

Thus the Endemic Equilibrium 7* exists if Ry > 1 since I* is positive when Ry > 1. I*

does not exist if Ry < 1 as I* is negative which is not possible.
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4.4 Stability Analysis

Local Stability of Disease Free Equilibrium Point[1]

Theorem 4.4.0.1. The Disease Free Equilibrium Point (DFEP) E is locally Asymptoti-

cally stable in domain Q if Ry < 1

Proof. The Jacobian matrix of system ** evaluated at EY is given by

af A I A of
JdS OJE JdI JdQ OR
Jdg dg Jdg dg g
aS JE 9 J0 IR

JS.ELQR) = |2 2 o ok a O
di di di di i
JdS OJE JdI JdQ OJR
i 9i 9 9i 9i
S OE JI 90 OR

where ,

SI
f—A—ﬁN—uS
SI
§=B5 —(r+u)E
h=YE—(c+0+0+u)l

i=ol—(v+Kx+u)0

j=6I+vQ—uR
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R-un 0 - 0
N v 0
J(S,E,I,Q,R) = 0 Y —(0+6+6+u) 0
0 0 c (V+x+u)
0 0 0 v
AtE? = (2,0,0,0,0)
—u 0 _ﬁg\/%) 0 0
0 —(r+u) P 0 0
J(£,0,0,0,0)=| 0 y —(6+60+8+n) 0 0
0 0 c (v+xk+u) 0
0 0 0 Y —u
We know that at E° | E(t) =I(t) = Q(t) = R(t) =
N=S+E+I+Q+R=5+0+0+0+0=1%
—u -B 0 0
0 —(v+u) B 0 0
JE =1 0o % —(6+60+8+p) 0 0
0 0 o —(v+x+u) 0
0 0 0 Y —u

Next we find the Eigen values using Block Matrix Technique

Block 1:

o o o O
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Block 2:
—U—A=0

= B3=—-u<0

The remaining Eigen values A4 and A5 are the eigen values of the following matrix:

—(v+u) B
Jp=
Y —(c+6+u+9)

Trace(Jp) = —(y+ 1)+ (—(0+6+pu+9))
= Trace(J))=—-y—U—0C—0—u—295

= Trace(J) =—(y+0+0+u+6+2u)<0
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Det(J)) = (y+u)(c+0+u+38)—pBy

_1_ po -
Det{J) =1 A e

which implies that Det(Jz) > 0if Ry < 1
Thus if Ry < 1, then the real parts of A4 and A5 are negative.  (i.e, —%(**))

- AL A2, A3, Ag, As are negative eigen values.

Consequently, the Disease Free Equilibrium Point EV is locally Asymptotically stable if

Ry <1

Next we discuss the global asymptotic stability of Disease Free Equilibrium Point

and Endemic Equilibrium Point.

Theorem 4.4.0.2. The Disease Free Equilibrium Point E° is globally Asymptotically

stable if Ry < 1

Proof: We prove this Theorem by following the method of Castilo-Chavez et.al
published in his paper [7]

First we rewrite the model as follows:

A—B3L—us
fz'_Y:Fl(YﬂZ): v H
! 0I+vQ— UR
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B3 — (y+un)E

dZ
=BY,Z)=|yE-(c+0+5+wI |, FR(Y,0)=0

-
ol—(v+x+u)Q

where,

Y = (S,R) € R? indicates the number of non-infected individuals.

Z=(E,I1,Q) € ]RfL indicates the number of infected individuals.

let E0 = (°,0) with Y = (%,0),

E? is globally asymptotically Stable if Ry < 1 and the following conditions hold:

(H1:)Y? is globally asymptotically stable for system ‘3—); = F(Y,0)

(H2:)F>(Y,0) =0 and F(Y,Z) = CZ— F5(Y,Z) where F5(Y,Z) > 0 forany(Y,Z) €

Q and C is the Jacobian Matrix (dd—l?) evaluated at E°

We notice that

—(r+u) B 0
ie,C= y —(04+6+6+u) 0
0 c —(V+K+u)

and F5(Y,Z) is calculated as follows:

B(Y,Z)=CZ—-F(Y,Z)

— KY,2)=CZ-FK(Y,Z)
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—(r+u) B 0 E
B(Y,Z) = Y —~(c+0+8+u) 0 1| -hR(Y.Z)
0 o —(v+x+u)/ \0
~(Y+WE+BI+0 N~ (r+E
=|YE—(c+0+6+u)I+0 |~ |YE—(0+6+0+u)l
O+ol—(v+Kxk+u)0 ol—(v+x+u)Q
p1-5y
= 0
0
NN =$)
= 0
0
N(-9)
= 0
0

It is clearly seen that elements of F5(Y,Z) are non-negative, hence (H2) is satisfied.
Next we consider,

dY 5 A—B s
0(0)+v(0) — uR

ds
o A—uS

a —HR

87
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dsS dR
YO Hoana o,
now solve using variable separable method,
solving the equation:
ds
— =A—-Uus
dt #
ds
=dt
A—uS
ds
/ — / dr
A—usS
A—usS
- B2 t+c

—In(A—uS) = ut+ pc

In(A—uS) = —ut — uc

Taking anti-log on both sides,

A—uS=cre ™
—US=—A+cre ™

US=A—cre ™

[TRT

A
S(t) =— —cre ™
(1) m

Atr=0

(4.20)
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A A
— S(t)=——(——S5(0))e™™
(1) T (u (0))
A A
= S(t) = —+(S(0) — —)e™™
(1) I (5(0) 0
Now solving the Equation:
drR
a
dR
—— =dt
dR
[Sm= [
—UR
P
—UR
Ptk
u

In(—uR) = —ut — uk

Taking Anti-log on both sides,
—UR = lqe_‘”

UR = —kje M

R= —ﬁe*“t

u
R(l‘) = Kze_m

Att=0
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(4.21)

(4.22)

(4.23)
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Hence we get,

A Ay
Y(t) = U [w SO =) (4.24)
R(1) R(0)e M

It is observed that as ¢ — oo,

S(t) —

A & R(t)—0
u

This shows that Y? is globally Asymptotically Stable. Hence (H1) is satisfied.

Therefore the Disease Free Equilibrium Point E? is globally Asymptotically Stable

in domain Q.

4.5 Conclusion

The SEIQRD model describing the spread of COVID-19 disease using the standard
incidence rate has been developed in this paper. The model consists of susceptible
(S), exposed (E), infected (I), quarantined (Q), recovered (R), and death caused by the
COVID-19 disease(D) sub-populations. The existence, uniqueness, positivity, and bound-
edness of solution have been proven, showing that the proposed model is biologically

feasible.

The model has two equilibrium points, namely the disease-free equilibrium point and

the endemic equilibrium point. Using the next generation matrix method, we have
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determined the basic reproduction number. The disease-free equilibrium point always
exists and it is locally and globally asymptotically stable if the basic reproduction number
is less than unity. If the endemic equilibrium point exists, i.e. when the basic repro-
duction number is greater than unity, then it is always globally asymptotically stable.
Furthermore, from the basic reproduction number formula and numerical simulation
results, the basic reproduction number can be reduced by increasing the rate of recovery
or quarantine of the infected sub-population. This shows that COVID-19 disease can be

controlled by treating infected individuals or by quarantining them.






Chapter 5

CONCLUSION

5.1 Conclusion

In this paper, we first formulated the model. Compartments were included to modify the
existing models. This modifications made the model more accurate in its predictions
and results. Next we Analyzed the models . The models were found to be biologically
meaningful and mathematically well posed since we were able to prove the positivity,
boundedness and existence of the solutions. Further, Equilibrium points were calculated
to study the behaviour or stability of the system of model equations. Two equilibrium
points each were found in chapter 2,3 and 4. The two equilibrium points are the DFEP
and EE points. We find equilibrium points to study the stability of the model. We
find the local stability and global stability of the model by using different methods like

Lyapunpov function, Castillo -Chavez [Chavez] method and so on. Lastly the Basic

93
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Reproduction Number is calculated to check on the disease transmission rate.

5.2 Further Scope

By taking Data from the Hospitals and related institutions, we can numerically simulate
and find accurate results according to the data used. this might be helpful to make proper

predictions to control the outbreak in a particular area.

The Models discussed in this paper can be further modified by adding more compart-
ments like Symptomatic, Asymptomatic, Hospitalized, Vaccinated and so on. This will

help us to formulate a better accurate model.
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